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ABSTRACT 
This  work t rea ts  t h e  problem of s c a t t e r i n g  of electro- 
magnetic waves from random e l e c t r o n  d e n s i t y  f l u c t u a t i o n s  i n  
a co ld  magneto-plasma. The problem i s  formulated i n  t e r m s  
of c h a r a c t e r i s t i c  waves. F i r s t  a Green ' s  func t ion  i s  devel-  
oped as a s u p e r p o s i t i o n  of c h a r z c t e r i s t i c  waves. Th i s  Green ' s  
f u n c t i o n  i s  asymptot ic  f o r  l a r g e  d i s t a n c e s  and t h u s  t h e  
s o l u t i o n s  are f o r  f a r  f i e l d s  on ly .  This  Green ' s  f u n c t i o n  i s  
then  used t o  s o l v e  two k inds  of problems us ing  t h e  Born o r  
s i n g l e  scat ter  approximation. The f i r s t  problem cons idered  
i s  t h e  b i s t a t i c  s c a t t e r i n g  problem. Here a t r a n s m i t t e r  
beams power a t  a r eg ion  i n  space  which c o n t a i n s  random 
f l u c t u a t i o n s  i n  e l e c t r o n  d e n s i t y o  An expres s ion  i s  ob ta ined  
f o r  t h e  power s c a t t e r e d  i n  a g iven  d i r e c t i o n  from t h e  volume. 
The r e s u l t s  are then  d i scussed .  The second problem i s  t h e  
r a d i o  star problem. I n  t h i s  problem a radio wave propagates  
through an i n f i n i t e  s l a b  and i s  r ece ived  below t h e  s l a b ,  
Expressions f o r  t h e  c o r r e l a t i o n s  of t h e  i n  phase and quadr i -  
t u r e  phase components of t h e  e lec t r ic  f i e l d  a long t h e  un- 
s c a t t e r e d  r a y  p a t h  ( l o n g i t u d i n a l  c o r r e l a t i o n )  are ob ta ined .  
These expres s ions  are then  d i scussed .  
There are t w o  g e n e r a l  conclus ions  t h a t  can be made from 
t h i s  work. The f i r s t  i s  t h a t  t h e  s o l u t i o n  can depend very 
s t r o n g l y  on t h e  r e l a t i o n s h i p  among t h e  i n c i d e n t  r ay  vector, 
ii 
the scattered ray vector and the D,C. magnetic field vector. 
The degree of variation increases as the medium becomes more 
anisotropic. The second conclusion is that mode conversion 
is caused by those fluctuations whose correlation length is 
of the order of the wavelength. If the correlation length 
is much larger than the wavelength mode conversion is negli- 
gible. 
iii 
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CHAPTER I 
INTRODUCTION 
1,l Description of the Problem 
The problem of the scattering of electromagnetic fields 
in a random medium when the background medium is isotropic 
has been discussed extensively in the literature, but not 
much work has been done when the background medium is aniso- 
tropic, The purpose of the work presented here is to extend 
the work in the area of anisotropic background media, 
The anisotropic random medium-to be considered here is 
a magneto-plasma with random fluctuations in the number 
density of electrons, The frequencies considered are high 
enough so that the effect of ions can be ignored and there- 
fore as far as the electromagnetic field is concerned only 
electrons need be considered important, For this plasma two 
things are of interest. Since the background medium is 
anisotropic its properties depend upon direction and therefore 
one area of interest is the variation of the solution with 
respect to variations in the geometry of the problem, in- 
cluding the D,C, magnetic field vector. The second area of 
interest is the depolarization of the signal, that is, the 
generation of electromagnetic waves with a different polari- 
zation than the incident wave. 
Two different types of geometries are usually investiga- 
ted in problems of this type. The first is the bistatic 
2 
geometry, In this problem energy originates at a transmitter 
and propagates into a region containing random fluctuations 
which scatter some of the energy. This scattered energy is 
then detected by a receiver. The volume from which the 
energy is scattered is assumed to be small, .Either the 
scattering volume itself is small or the beams of the trans- 
mitting and receiving antennas are narrow so that their 
common volume is small., This type of geometry occurs in the 
study of laboratory plasmas using microwave beams and in the 
study of the ionosphere by ionospheric sounders, partial 
reflection techniques and oblique sounding techniques. 
The second type of geometry is the so-called radio star 
problem. In this problem the beams of the transmitter and 
receiver are pointed at each other. Between them is a slab 
which contains random fluctuations. There is no attempt to 
restrict the size of the scattering region transverse to the 
path joining the transmitter and receiver as there w a s  in 
the previous case. This type of geometry occurs in the 
reception of signals from radio stars and earth satellites 
as well as certain laboratory experiments, 
The early work in this area was done by Bergman (1946) 
and Pekeris (1947), Booker and Gordon (1950) used the 
method of Perkeris to solve the bistatic problem for an 
isotropic medium with isotropic irregularities. This work 
3 
was then generalized to now-isotropic irregularities by 
Booker (1956)- The results of this work shows that the 
scattering cross section is given by 
< A s ' >  ~'sin'x A A 
E %  x 4  a P P[k(P -r ) ]  o =  
A 
where x is the angle between the direction of scattering r 
and the direction of the incident electric field $ b t  r is 
the direction of the transmitter and pis the spectrum of Ace 
The book by Tatarski (1961) presents a very detailed discus- 
sion of this problem and is therefore a very good reference. 
Cohen (1962) considered the problem of scattering in a warm 
isotropic plasma. In addition to the scattering cross 
2 
A 
1 
sections of the electromagnetic wave and plasma wave he 
developed conversion cross sections between them, 
The early work on the radio star problem can be found 
in the review paper of Ratcliffe (19569. The extensive 
bibliography in this paper provides a good survey of the 
early literature. The background medium was isotropic and 
the problem was formulated in terms of diffracting screens 
or phase and amplitude modulating screens. Bowhill (1961) 
used this same technique to consider strong fluctuations, 
Budden (1965% considered the problem of correlation of 
amplitude fluctuations expressing the result in terms of the 
spectral intensity function, Tatarski (1961) also used this 
type of approach, The book by Chernov (1960% presents a 
comprehensive treatment of the correlations of the log 
4 
amplitude and phase departure for isotropic irregularities. 
Yeh (1962) considered the problem of scattering in an iso- 
tropic medium with non-isotropic fluctuations, The method 
of solution used here corresponds to the treatment in these 
last two works. Yeh and Liu (1967) considered the problem 
with an anisotropic background medium but took it only to 
the first order in Y and therefore considered only high 
frequencies. Their interest was in the Faraday effect, 
The method used to obtain the asymptotic Green's 
function was first presented by Lighthill (1960). It has 
been used by other authors such as Felson (1965) and 
Deschamps (1964). Kesler (1965) presents a very comprehen- 
sive development of the use of characteristic wave expansions 
as well as the asymptotic solution used here. 
1.3 Description of the Text 
Chapter two is devoted to the determination of the Green's 
function and a discussion of the pertinent factors in it, 
First the equation for the scattered field is developFd. Next 
the characteristic waves are normalized and an expression for 
the Green's function as a superposition o€ characteristic 
waves is obtained, An asymptotic evaluation of this Green's 
function is then obtained, Finally the characteristic waves 
and the Gaussian curvature are discussed, 
Chapter three is devoted to the bistatic scattering 
problem. First an expression for the scattered power is 
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obta ined  and then  t h e  s c a t t e r i n g  c r o s s  s e c t i o n - i s  developed. 
The s o l u t i o n  d i v i d e s  n i c e l y  i n t o  a p a r t  which depends upon 
t h e  p r o p e r t i e s  of t h e  medium and t h e  geometry.of t h e  problem 
and a p a r t  which i n  a d d i t i o n  depends upon t h e  s t a t i s t i c s  of 
t h e  f l u c t u a t i o n s .  These two f a c t o r s  are d iscussed  i n  sepa- 
r a t e  s e c t i o n s ,  The approximations t h a t  were made i n  develop- 
ing  t h e  s o l u t i o n  are d iscussed  next.  F i n a l l y  two a p p l i c a t i o n s  
of t h e  theory  are presented .  
Chapter fou r  i s  devoted t o  t h e  r a d i o  s t a r  problem. F i r s t  
express ions  f o r  t h e  l o n g i t u d i n a l  c o r r e l a t i o n s  of t h e  i n  phase 
and q u a d r i t u r e  phase components of %he s c a t t e r e d  f i e l d  a r e  
obtained.  The f l u c t u a t i o n s  are assumed t o  be i s o t r o p i c a l l y  
c o r r e l a t e d .  The r e s u l t i n g  equat ions  are then  d iscussed .  
F i n a l l y  t h e  approximations used i n  t h e  s o l u t i o n  a r e  d i scussed ,  
Chapter f i v e  i s  t h e  concluding chap te r ,  The important  
p o i n t s  developed are emphasized and t h e  l i m i t a t i o n s  of t h e  
work are d iscussed .  Some comments on f u t u r e  work a r e  a l s o  
presented ,  
6 
CHAPTER I1 
+ +- 
THE G R E E N ~  s DYADIC 3 r  r I ) AS A 
SUPEPPOSITION O F  CHARACT,RISTIC WAVES 
2 . 1  I n t r o d u c t i o n  
This  c h a p t e r  i s  devoted t o  t h e  d e r i v a t i o n  of t h e  
d i f f e r e n t i a l  equa t ion  f o r  t h e  scattered f i e l d  i n  an an iso-  
t r o p i c  medium and t h e  asymptot ic  s o l u t i o n  f o r  t h e  Green 's  
f u n c t i o n  which w i l l  be used t o  solve f o r  t h e  t w o  g e n e r a l  
classes of  problems cons idered  i n  Chapters  I11 and I V .  Some 
characterist ics of  co ld  magneto-plasmas are also presen ted  
i n s o f a r  as they  are involved i n  t h e  Green ' s  func t ion .  
2 . 2  The S c a t t e r e d  F i e l d  
The g e n e r a l  s c a t t e r i n g  problem c o n s i s t s  of an i n c i d e n t  
wave propagat ing  i n  t h e  medium which encounters  a r eg ion  
of space  i n  which t h e r e  are random f l u c t u a t i o n s  i n  number 
d e n s i t y  of t h e  e l e c t r o n s  and t h d s  random f l u c t u a t i o n s  i n  
t h e  r e l a t ive  dielectr ic  t e n s o r  ze 
expres s ion  f o r  t h e  s c a t t e r e d  f i e l d .  I n  t h e  work p resen ted  
here t h e  s i n g l e  scat ter  o r  Born approximation w i l l  be used. 
I n  t h e  s c a t t e r i n g  r eg ion  V t h e  i n c i d e n t  e lec t r ic  f i e l d  
Ei and t h e  s c a t t e r e d  e lec t r ic  f i e l d  E s ' s a t i s f y  t h e  equa t ion  
The o b j e c t - i s  t o  f i n d  an 
2 
where ko i s  the  free space  wave numberp ko = w/C. L e t  t h e  
r e l a t i v e  d i e l e c t r i c  t e n s o r  {r) be given by 
- +  
7 
+ =  - - - - 4  
K ( r )  = I - Xic? - A X ( r ) M  
where 7 i s  t h e  u n i t  t e n s o r ,  
-Y Y + j Y x  2 , 2 . 2  
-yxyz-jyy Y Z  1 -Y Y +jY, 1-Y; -Y Y -jYz 
-YxY,+ jY -Y Y - j Y x  
X Y  
1-Y2 
Y 
1 - I = - [  1 - Y  X Y  
Y Y Z  1 1-Y;  
-f -?- y = -  e $0 f o r  e l e c t r o n s ,  Bo is t h e  De C. magnetic f i e l d ,  
mu 
w i s  t h e  angular  o p e r a t i n g  frequency,  X = N e 2 1  - N i s  t h e  
number d e n s i t y  and AX(':) i s  t h e  random f l u c t u a t i o k  i n  X.  
Using t h i s  form f o r  E, equa t ion  2 . 2 . 1  bcaornes 
0 
2.2,3 
Now i f  AX = 0 ,  t h e r e  i s  no s c a t t e r e d  f i e l d  and %i s q t i s f i e s  
t h e  equa t ion  
Thus equa t ion  2.2.3 becomes 
This i s  an equa t ion  f o r  t h e  s c a t t e r e d  f i e l d  bs wi$h tbe 
random f l u c t u a t i o n s  as t h e  source  $unct ian .  Unfor tdna te ly  
t h i s  source  f u n c t i o n  depends upon t h e  s c a t t e r e d  f i e l d ,  and 
t h e r e f o r e  some approximation i s  des i r ab le . .  I n  t h e  Born 
approximation t h e  s c a t t e r e d  f i e l d  is assumed t o  be so s m a l l  
t h a t  t h e  e lec t r ic  f i e l d  a t  t h e  s c a t t e r e r  i s  e s s e n t i a l l y  
8 
the incident field si (Ei>>Es) 
the contribution of the scattered field-to the source 
term and is therefore referred to as-the sinfp;le scatter 
approximation. Therefore equation 262.4 becomes 
T h i s  approximation ignores 
2 + = +  - ki (T-XZ) ($) = -koAX (r)M"eEi 2.2.5 
This is the differential equation for the scattered field 
which is used in this paper, The solution of this equation 
can be formally written as 
- + +  where V is the scatteriqg volume and F(r1r') is the Green's 
dyadic for the operator [VxVxrko (I-XE) a In the folloyinq 
sections an asymptotic solution fo+ F in terms of 
characteristic waves will be found. 
2 =  
I 
2.3 Normalization of the Charaeteristic Waves 
Consider a cold magneto-plasma described by the 
- 
relative dielectric tensor E = 7 - &E. dhe golukios of the 
eigen-value problem for electromagnetic yaves in' tRis 
medium yields two Characteristic waves or porma1,modes 
(R&tcliffe, 1959, Chapter 2 )  I which are Glectromagnetic 
in nature. A characteristic wave 2s a wave which doed not 
change its state of polarization as it propag-ateb in a given 
direction. In general the properties of a charactevistic 
wave will be a function of the direction of propagation, 
9 
Consider the wave equation 
3 - t  2= + 3 
VxVxE(r) - koKoE(r) = 0 
The Fourier transform of this equation is 
2,3.1 
2.3.2 
W + +  + +  where E(k) = J" E(r) -f e jkerd;. As was stated above there 
are two characteristic waves which satisfy this equation. 
They are given by 
-co 
2=-+ + 2= + (kmI kmkm-koK)eam = 0 
2=-+ + 2= + (knI knkn-koK)-an = 0 
2.3.3a 
2.3.3b 
where zm is the wave vector of the characteristic wave 
m and am is the- polarization vector, similarly fa r  Rn 
and an. 
3 
-). 
Now multiply equation 2.3,3a by z i  from the left 
and equation 2.3.333 by g: from the left to obtain 
2.3.4a 
2.3.433 
- 
If the medium described by E is Tossless, K is hermitian 
C? = E) (Landau and Lifshitz, 1960, Section 82)  If 
is hermitian, the wave vectops Zm and Rn are real in the 
propagating region (Hoffman and Kunze, 1961, Section 8,6) 
10 
Taking the hermitian conjugate of equation 2,3.4b and using, 
the above properties of and xm a new equation 2.3.4b' can 
be derived 
4 4  + -+* an 0 (kkT-knkn-kiz) 0 am = 0 2.3 e 4b' 
Subtract equation 2.3.4b' from equation 2.3.4a to obtain 
4.3- + 3  + 
:* n [(k~-k~)T-(kmkm-knkn)] 0 am = 0 2.3,5 
Since the characteristic waves are defined for a given 
+ + "  4 + "  
direction of propagation, let k, = km p and kn - kn PI 
h 
where p is a unit vector in the difectiori of propagation. 
With this substitution equation 2.3.5 @ecomes 
4 
h A  (kA-kA)an 4*  e (T-pp) -am = 0 2.3.6 
There are two possible solutions $0 equation 2,3.6 
which give the orthogonality'condition and the normaliza- 
tion for the polarization vector a. If nl f'n, then in 
general the first factor is non-zerop so 
+ 
4 A A  +* 
n 2.3,7 
which is part of the orthogonality relation. 
first factor is zero so the second factor can be chosen 
arbitrarily. Normalize the polarization vector so that 
If rn = n the 
+ A h  +* (7-p~) 0 am = 1  am 2,3,8 
11 
The meaning of  t h i s  no rma l i za t ion  r e l a t i o n  can be 
examined simply i n  a s p e c i a l  c o o r d i n a t e  system i n  which 
p = z .  Then 
h A 
Using t h i s  i n  equa t ion  2.3.8 shows t h a t  t h e  c h a r a c t e r i s t i c  
waves are normalized such t h a t  t h e  magnitude o f  t h e  
p o l a r i z a t i o n  vector t r a n s v e r s e  t o  t h e  propagat ion  vector 
i s  equa l  t o  u n i t y .  
Equat ions 2.3.7 and 2.3.8 can be condensed and re- 
s t a t e d  as t h e  orthonormal c o n d i t i o n ,  
2.3.9 
where 6mn i s  t h e  Kronecker d e l t a .  
can be ob ta ined  from equa t ion  2.3.4b' u s ing  equa t ion  2.3,9.  
I t  i s  t h e  o r t h o g o n a l i t y  r e l a t i o n  
Another r e l a t i m s h i p  
2.3.10 
Equat ions 2.3.9 and 2,3.10 g i v e  t h e  orthonormal 
r e l a t i o n s h i p s  f o r  t h e  p o l a r i z a t i o n  vector d which are 
needed t o  determine a s o l u t i o n  f o r  t h e  G r e e n ' s  f u n c t i o n  
as a s u p e r p o s i t i o n  of c h a r a c t e r l s t i c  waves. 
12 
- t +  2.4 The Green's Dyadic 7 (rlr') 
+ +  The Green's dyadic 7 (r Irs ) will be determined by 
solving the equation for the scattered electric, field as 
a. superposition of characteristic waves. The resu3ting 
equation will be compared to the formal solution f o r ' E s  
by the method of Green's functions resulting in the identi- 
fication of the Green's dyadic. 
-t 
In the infinite medium described by-the relative 
dielectric tensor = I - X g J  the electric field must 
satisfy the equation 
- 
3 - t  + +  - t +  VxVx E(r) - k i E  0 E(r) = J(r) 
- t +  where J(r) is some given current density. Take the 
Fourier transform of this equation 
+ - t  3 - t  (k2y - gz - kiE)  0 E(k) = J(k9 
2.4.1 
2.4.2 
where z is the transform variable defined in section 2.3. 
Since the characteristic waves form a basis for $he 
solutions to the above equation' (Collin, 1960; appendix 
A,3), the solution for E(k) can be expressed as + - t  
+ - t  E(k) = C Am gm 
m 
2,4.3 
+ where Am is an amplitude and a is a nodalized Characteristic m 
h 
polarization corresponding to the direction k. Using this 
expansion equation 2,4,2 can be written as 
13 
+ +  
C A m ( k 2 T  - ;$ - ktE)  = J ( k )  
m 
2 . 4 , 4  
+* Take t h e  scislar product  of  equat ion  2 . 4 . 4  wi th  an" 
++ 2= + + +  +* 0 (k2y - kk - k o K )  eam = ;* a J ( k )  Am an n m 
A 
L e t  t h e  vector k be i n  t h e  propagat ion  d i r e c t i o n  f o r  t h e  
c h a r a c t e r i s t i c  wave de f ined  by t h e  o r t h o g o n a l i t y  r e l a t i o n s  
given by equa t ions  2 . 3 . 9  and 2.3.10 c a n . b e  used t o  
determine t h e  amplitude Am of c h a r a c t e r i s t i 9  wave m as 
+* 
Thus from equa t ibn  2.4.3, t h e  e lec t r ic  f i e l d  i s  
2.4.5 
2 .4 .6  
Now t a k e  t h e  i n v e r s e  t ransform of t h i s  equa t ion  
a a  
+ +* + +  
2 . 4 . 7  + + - j k e y  rr). e J ( k )  e 
+ - t  k kz-k" 
S u b s t i t u t i n g  J t k )  = J" J($' )ejk"r 'd; '  i n t q  t h i s  equa t ion  
2 , 4 , 7  and r ea r r ang ing  termsp t h i s  equa t ion  becomes f i n a l l y ,  
E(r) = 
jm+ 
(2r) 
+ +  
+ +  
where t h e  volume V i s  t h e  suppor t  of  J ( r )  
The s o l u t i o n  t o  equa t ion  2 , 4 . 1  by t h e  method of  Green 's  
f u n c t i o n s  can be formal ly  w r i t t e n  as 
1 4  
+ + -  e-+- 3 . j .  E(r) = P 7 (rlr') J(r')d;l 2.4,9 
V 
By comparing equations 2.4.8 and 2.4.9 the Greenss dyadic 
can be identified as 
While this equation gives a formal expression for the 
Green's dyadic, the integrations involved in obtaining an 
analytic expression for P are very difficult if not 
impossible. For the cases to be considered here no exact 
solution to equation 2.4.10 has ever been found. In the 
next section an approximation to equation 2.4.10 for large 
distances from the source region will be obtained. 
2.5 Asymptotic Evaluation of the Green's Dyadic 
The method used for the asymptotic evaluation of 
equation 2 - 4 . 1 0  was first presented by Lighthill ( 1 9 6 0 ) .  
The method has been used by others in the field of Fiave 
propagation; for example Felson ( 1 9 6 4 )  and Deschamps ( 1 9 6 4 )  
It gives an asymptotic solution for large R which is 
O ( F ) *  
are to be applied usually desire the solution a large 
distance from the scattering region,this restriction is 
not too great. 
3. 
1 Since the type-of problems to which the results 
The general class of prbblem for which a solution is 
sought is 
15 
A 
where 2 and "k, are i n  t h e  same d i r e c t i o n  ($ = k k and, 
km = km k). 
A 
-3 
T h e  s o l u t i o n  i s  then  given as t h e  r e s u l t  of 
' t w o . d i f f e r e n t  methods of i n t e g r a t i o n .  The f irst  i s  t h e  
u s e ' o f  contour  i n t e g r a t i o n  and t h e  theo ry  of r e s i d u e s  t o  
reduce t h e  i n t e g r a l  t o  a two f o l d  i n t e g r a l .  I f  Z(gm) i s  
r e g u l a r , t h e  p o l e  of t h e  i n t e g r a n d  occurs  a t  k = kme 
f i r s t  i n t e g r a t i o n  then  shows t h a t  t h e  t ransform v a r i a b l e  
k' must be i d e n t i c a l  t o  t h e  wave normal Zm., The remaining 
two i n t e g r a l s  are then  so lved  by an asymptot ic  technique .  
The method chosen t o  s o l v e  these remaining i p t e g r a l s  ii; t h e  
method o f  s t a t i o n a r y  phase.  
This  
The method of s t a t i o n a r y  phase makes use  of t h e  f a c t  
t h a t  a l a r g e  c o n s t a n t  R appears  i n  a phase term a long  wi th  
v a r i a b l e s  of i n t e g r a t i o n .  This  w i l l  cause t h e  f a c t o r  
e - J k m e R  t o  o s c i l l a t e  very  r a p i d l y  except  nea r  t hose  p o i n t s  
where Cm i s  s t a t i o n a r y ,  
+ +  
I f  t h e  res t  of t h e  in t eg rand  i s  
slowly varying compared t o  t h i s  f ac to rp  t h e s e  r a p i d  
o s c i l l a t i n g  s e c t i o n s  w i l l  g i v e  almost ze ro  c o n t r i b u t i o n  t o  
t h e  i n t e g r a l ,  Thus t h e  main c o n t r i b u t i o n  t o  t h e  va lue  o f  
t h e  i n t e g r a l  w i l l  come from.the r eg ions  around t h e  
s t a t i o n a r y  p o i n t s  of gme 
p o i n t s  fo r  which t h e  exponent has ze ro  f i r s t ' d e r f v a t i v e  
wi th  r e s p e c t  t o  t h e  variables of i n t e g r a t i o n ,  This  
c o n d i t i o n  impl i e s  t h a t  t h e  normal t o  t h e  s u r f a c e  de f ined  
The s t a t i o n a r y  p o i n t s  are t h o s e  
1 6  
-f 
b y , Z m . i s  i n  t h e  d i r e c t i o n  of  t h e  r a y  vector R e ’  The 
d e t a i l s  of t h i s  work can be found, i n  L i g h t h i l l  ( 1 9 6 0 )  
o n l y . t h e  r e s u l t s  w i l l  be quoted.  
The s o l u t i o n  t o  equa t ion  2.5,1 i s  g iven  by equa t ion  
7 4 ’ o f  L i g h t h i l l ’ s  (1960) paper ,  It  i s  
where m r e f e r s  t o  a character is t ic  mode and s refers t o  
a s t a t i o n a r y  p o i n t  f o r  t h a t  mode. The summation over s 
t a k e s  i n t o  account  t h e  p o s s i b i l i t y  of more t h a n - o n e  p o i n t  
s a t i s f y i n g  t h e  cond i t ion  of s t a t i o n a r y  phase,  which are 
t h o s e  p o i n t s  of  t h e  s u r f a c e  k = km for  which t h e  normal 
i s  a c o n s t a n t  t h a t  i s  (a) + j i f  + i s  p a r a l l e l  t o  R. dms - 
‘ms 
Cms > 0 and t h e  su r face .  i s  convex t o  - + V,(k2-ki) I S .  
i s  t h e  Gaussian c u r v a t u r e  of t h e  s u r f a c e  eva lua ted  a t  t h e  
< 0 and Vk(k2-ki)  I s  i s  i n  t h e  d i r e c t i o n  + - ’i, (b )  + - 1 i f  
Cms 
s t a t i o n a r y  p o i n t .  
Equation 2.5.2 i s  v a l i d  i f  Cms # 0.  I f  t h i s  i s  n o t  
t h e  case, s o l u t i o n s  are s t i l l  p o s s i b l e  f o r  some cases, see 
L i g h t h i l l  ( 1 9 6 0 ,  s e c t i o n  5 ) .  - F o r  t h e  t y p e ’ o f  s u r f a c e s  
cons idered  h e r e  m o s t  cases of  vanish ing  Gaussian c u r v a t u r e  
l e a d  t o  s o l u t i o n s  i n  terms of t h e  Airy i n t e g r a l .  The 
i n t e r e s t i n g  f e a t u r e  of t h i s  i s  t h a t  when C = 0 t h e  f i e l d s  
decay l i k e  R d 5 / 6  i n s t e a d  of  R - l e  This  means t h a t  r eg ions  
of  van i sh ing  Gaussian c u r v a t u r e  have f i e l d s  a s s o c i a t e d  
wi th  them which are decaying slower w i t h  d i s t a n c e ,  
Consider now t h e  f a c t o r  I V k  (k2-ki)  I s o  The d e r i v a t i v e  
A 
of (k2-k2)  i n  t h e  d i r e c t i o n  k i s  m 
d -. 
- (k'-k;) 1 S = 2kms 
dk 
3 3 
s i n c e  km and k have only  t h e i r  d i r e c t i o n  i n  common 
o r i g i n a l l y ,  But 
d A 
e k - (k2-k2)  = Vk(k2-k2) 
dk m m 
= ]Vk(k2-k2)  I COS am m 
where am is t h e  ang le  between Vk(k2-k;) and R. The 
s t a t i o n a r y  phase c o n d i t i o n  r e q u i r e s  t h a t  Vk(k2-ki)  
eva lua ted  a t  t h e  s t a t i o n a r y  p o i n t  be i n  t h e  d i r e c t i o n  % a  
Therefore  cos  ams = kmg R. 
A A 
Thus 
Equation 2.5.2 can now be w r i t t e n  as 
This  r e s u l t  can be used t o  solve equa t ion  2.4.10. 
The r e s u l t  i s  
+ 3 +  where R - r - r s  and t h e  n o t a t i o n  msB used- t o  d e s i g n a t e  a 
s t a t i o n a r y  p o i n t  has  been dropped i n  f avor  of a s i n g l e  index 
s for s i m p l i c i t y .  I n  t h e  rest of t h e  t e x t  s = - f  w i l l  r e f e r  
18 
t o  t h e  o rd ina ry  mode f o r  which there i s  only one 
s t a t i o n a r y , p o i n t ,  s = 2 - 4 w i l l  r e f e r  t o  t h e  ex t r ao rd ina ry  
mode f o r  which t h e r e  may be as many a s  t h r e e  s t a t i o n a r y  
p o i n t s  e 
Since t h e  normal t o  t h e  s u r f a c e  def ined  by gs must be 
i n  t h e  d i r e c t i o n  of 5,  gs i s  a f u n c t i o n  of $-and because 
of t h i s  ds,  a s g  as and Cs w i l l  a l s o  be func t ions  of % e  
Therefore  equat ion  2.5.4 i s  a very complicated func t ion  of 
R i n  gene ra l .  
+ 
-+ 
The next  two s e c t i o n s  w i l l  d i s c u s s  t h e  q u a n t i t i e s  i n  
equat ion  2.5.4 f o r  a cold plasma. 
2 .6  C h a r a c t e r i s t i c  Waves 
The medium t o  which t h i s  paper  w i l l  be appl ied  is a 
cold magneto-plasma. A cold magneto-plgsma i s  one i n  
which t h e  p r e s s u r e  t e r m  i n  t h e  equat ion  af motion i s  
ignored,  This i s  j u s t i f i e d  i f  t h e  ther*al  v e l o c i t y  of t h e  
e l e c t r o n s  i s  much less than  t h e  phase Veloc i ty  of t h e  wave, 
hence t h e  name cold .  
The c h a r a c t e r i s t i c  waves f o r  a medium descr ibed  by E 
s a t i s f y  
There i s  a n o n - t r i v i a l  s o l u t i o n  t o  equat ion  2 . 6 , 1  i f  
+ +  
d e t  (k2T - k k - k i  E) = 0 
2 . 6 , 1  
2 , 6 , 2  
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which l e a d s  t o  t h e  r e f r a c t i v e  index  (k = ko n)  
c a l l e d  t h e  Appleton-Hartree equa t ion  ( R a t c l i f f e ,  1959, 
s e c t i o n  2.5) X and Y have been p rev ious ly  de f ined  i n  
s e c t i o n  2 . 2 ,  and 8 i s  t h e  ang le  between t h e  wave normal $ 
and t h e  D. C. magnetic f i e l d .  I n  t h i s  equa t ion  Y i s  
p o s i t i v e  f o r  e l e c t r o n s .  T h i s  equa t ion  i s  v a l i d  when t h e  
frequency w i s  much h i g h e r  t han  any i o n  a s s o c i a t e d  
f r equenc ie s  so t h a t  only t h e  e l e c t r o n s  are cons idered  
movable. I n  t h i s  equa t ion  t h e  + s i g n  r e f e r s  t o  t h e  so 
c a l l e d  o rd ina ry  wave and t h e  - s i g n  r e f e r s  t o  t h e  e x t r a -  
o r d i n a r y  wave * 
I n  t h e  coord ina te  system shown i n  F igu re  2.6.1 can 
Z I  
Figure  2.6,1 S p e c i a l  Coordinate  System f o r  
be w r i t t e n  as ( R a t c l i f f e ,  1959, s e c t i o n  2,5) 
2,6,4a 
where 
20 
R =  + - 2.6,4b 
j Y s i n  8 
Q =  (1-n2)  
1-x 
2 . 6 . 4 ~  
The normal iza t ion  of equat ion  2 .3 .8  has been used to g e t  
equat ion  2.6.4a, 
The r e s u l t s  of t h e  prev ious  s e c t i o n  r e q u i r e  gs and 
T h e  fol lowing procedure i s  +- f o r  t h e  ray  d i r e c t i o n  ft. 
used t o  f i n d  them: 
-P 
1'. I f  p i s  t h e  angle  "R makes wi th  BO, c a l l e d  t h e  
ray  angle ,  t h e  s t a t i o n a r y  phase cond i t ion  g i v e s  
va lues  of 9 f o r  which t h e  normal t o  t h e  s u r f a c e  
makes an angle  p wi th  B O .  
A 
2. Using t h i s  va lue  of 9 i n  equat ions  2 .6 .3  and 2 .6 .4  
Rs and ;Is i n  t h e  coord ina te  system of Figure 
2 . 6 . 1  a r e  obtained (Rs = ks z) a 
k;; and as a r e  then  t ransformed i n t o  t h e  coord ina te  
system of t h e  p a r t i c u l a r  problem being solved. 
A 
+- -t 
3 .  
Step  one i s  t h e  most d i f f i c u l t  s i n c e  t h e r e  i s  no e x p l i c i t  
s o l u t i o n  f o r  9 a s  a func t ion  of  p .  There€ore f o r  a given 
X and Y a t a b l e  i s  generated which g ives  corresponding 
va lues  of p and 0 ,  Then f o r  a s p e c i f i c  r ay  d i r e c t i o n  
t h i s  t a b l e  i s  scanned t o  f i n d  t h e  value.($)  of 9 which 
correspond t o  it. 
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2.7 The Gaussian Curvature C 
In a magneto-ionic medium the D. C. magnetic field 
is an axis of symmetry. 
therefore a surface of revolution about the D. C. magnetic 
field. For this case the determination of the Gaussian 
curvature becomes much simpler. 
The surface defined by zs is 
The Gaussian curvature for a surface of revolution is 
given by O'Neill (1966) as 
where the prime denotes differentiation and g and h are 
defined in Figure 2.7.1. 
% I  
h (u) Y 
Figure 2.7.1 The Definition of g(u) and h(u) 
For a magneto-ionic medium these parameters are 
g(8) = k ( 8 )  cos 8 and h(8P = k ( 8 )  sin 8 ,  Using these 
functions in equation. 2.7,1 the Gaussian curvature becomes 
k g  ( e )  k 2  ( 8 )  + 2ks (8)-k(8)k" (8) 
k ( 0 )  [ k 2 ( 8 )  - k e 2 ( 8 ) I 2  c(e) = (1 - cot e )  
2.7,2 
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This  equa t ion  can be s i m p l i f i e d  by us inq  t h e  s t a t i o n a r y  
phase cond i t ion .  
Vk Zm 
$ makes an angle  8 and R makes an ang le  p t h e r e f o r e  
S ince  t h e  phase term must be s t a t i o n a r y ,  
A 
R = 0 .  With r e s p e c t  t o  t h e  D. C. magnetic f i e l d  
A 
Vk km c o s ( p - 8 )  = 0 .  
t o  de [km(8)  cos (p -8 ) ]  = 0. 
But km = km(8)  so t h i s  equa t ion  reduces  
d This  l e a d s  t o  t h e  r e s u l t  t h a t  
1 d k ( 8 )  
t a n  a = - - 2,7.3 
k ( 8 )  d8 
where a = p - 8 .  Using t h i s  r e s u l t  equa t ion  2 .7 .2  becomes 
s i n  p cos a k" ( 8 )  1 
c ( e )  = (1 + s i n 2  a - cos2  a )  
s i n  8 k ( 8 )  k 2  (8)" 
2 .7 .4  
For a g iven  r a y  d i r e c t i o n  p and a g iven  r e f r a c t i v e  index 
s u r f a c e  n t h e  va lue  of 8 i s  determined by equat ion  2 .7-3  
Equation 2 . 7 . 4  can be w r i t t e n  i n  a d i f f e r e n t  form. 
Take t h e  d e r i v a t i v e  of e q u a t i o n  2.7.3 w i t h  r e s p e c t  t o  8 .  
A f t e r  a l i t t l e  a lgeb ra  
- k II dP - -  - 1 + s i n 2  a - cos2 a 
de k 
Therefore  equa t ion  2 . 7 , 4  becomes 
s i n  p cos a d p  I 
c ( e )  = _. 
s i n  8 de k 2  ( 8 )  
2.7.5 
2 .7 .6  
2 3  
CHAPTER I11 
THE BISTATIC SCATTERING PROBLEM 
3.1 Introduction 
The bistatic scattering problem has a geometry which 
is the same as a two-point communication problem. An 
electromagnetic wave is transmitted in a narrow beam at a 
region containing random irregularities which are far from 
the transmitter. A solution for the scattered power as a 
function of the position of the receiving system is sought 
for large distances from the scattering volume. The 
central interest in this problem is the derivation of 
scattering cross-sections. 
The bistatic problem includes the monostatic problem 
as a special case. In the monostakic problem the 
transmitter and receiver are now located in the same place; 
such scattering is called back-scattering. 
3.2 The Solution for the Scattered Power 
The geometry for the bistatic problem is shown in 
Figure 3.2.1. The origin of the coordinate system is in 
T 
Figure 3.2,1 Geometry of the Bistatic Problem. 
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the scattering volume V at 0, The transmitter T is 
located at r10 and the receiver R at r200 The general. 
scattering point is located at r. The path from the 
transmitter to the scatterer is and the path from the 
scatterer to the receiver is r2. The problem is identical 
+- +- 
+- 
+ 
to that considered by Booker and Gordon (1950)  who were 
concerned with scatterinq from isotropic irregularities in 
an isotropic background. Booker ( 1 9 5 6 )  later generalized 
the theory to anisotropic irregularities. We wish to’ 
generalize it further to the case of anisotropic background 
as well as anisotropic irregularities. 
The received electric field is given by equation 2.2.6 
Let the incident field be a characteristic wave 
+ + -  jkiOr1 e + +  + 
Ei(r) = A0 ai 
r1 
3.2.2 
where A0 is the amplitude of the incident wave and gi and 
ai are characteristic wave parameters associated with a 
ray direction rl e 
+- 
+ The Green! s function 7 given by equation 
2.5.4 is 
+ +  + 
+ +* e -jksa (r20 -r) d a as s, s I - - +  
r(r201r) = - C + + -  
  IT s ks sec c l s J W  IrzO-rI 
So equation 3 , 2 . 1  becomes 
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8 A X ( $ ) d $  3.2.3 
+- +- +- 
where r l  = r 1 0 - r  has been used,  The in t eg rand  05 equa t ion  
+ 
3.2.3 i s  an ex t remely  complicated f u n c t i o n  of r. There- 
f o r e ,  t h e  s o l u t i o n  g iven  by equa t ion  3.2.3 i s  only formal ,  
s i n c e  e x p l i c i t  e v a l u a t i o n  i n  t h i s  g e n e r a l  case does n o t  
s e e m  p o s s i b l e .  Thus some approximations are necessary  t o  
s o l v e  t h i s  equa t ion ,  
The i n c i d e n t  wave parameters  are f u n c t i o n s  of t h e  r a y  
d i r e c t i o n  fl = r 1 0 - r  and t h e  s c a t t e r e d  wave parameters  a r e  
f u n c t i o n s  o f  t h e  r a y  d i r e c t i o n  r 2  = r20- r~  where r varies 
+- + - +  
+ + - +  3 
over  t h e  s c a t t e r i n g  volume V.  I f  r 1 0  and r 2 0  are ve ry  
l a r g e  compared t o  t h e  volume V ,  t hen  as r varies ove r  t h e  
volume V t h e  changes i n  t h e  r a y  d i r e c t i o n s  r1 and r 2  w i l l  
-f 
+- +- 
be very  s m a l l .  For m o s t  media cons idered  h e r e  t h e s e  
s m a l l  changes i n  r a y  d i r e c t i o n  w i l l  n o t  have much e f f e c t  
on t h e  ampli tude p o r t i o n  of equa t ion  3.2.3. Therefore  
assume t h a t  dst asp  aip ks, asp  Csp  I r r o - r ]  and ] r z 0 - r 1  
are independent of r. More w i l l  be s a i d  about  t h e s e  
+ - + -  + +  + - + -  
+- 
approximations i n  s e c t i o n  3.6. 
Therefore  equa t ion  3.2.3 becomes 
+ - + -  + - + -  + +- + 
a exp - j [ k s ( r 2 0 - r ) - k i a ( r l o - r ) l d r  
3.2.4 
2 6  
Let 
Thus equation 3 . 2 . 4  can be written as 
+ +  + + + + + - + + + +  
ER(r20) = C As as S AX(r) exp -j[kso (r2o-r)-ki.- (r10-r)ldr 
3 . 2 . 6  
S V 
Equation 3 . 2 . 6  is still a complicated function of $ since 
ks and ki depend upon r. 
independent of rr using the same reasoning as before but 
h A h A + Assume that ks and ki are 
+ 
being more restrictive as to the type of medium and/or 
the size of the volume V. There are requirements on the 
minimum size of V (see discussion in the paragraph about 
<AX ($1 ) AX ($2) > in connection with equation 3 . 2 . 1 0 )  which 
will not allow the volume to be made arbitrarily small. 
Thus equation 3 . 2 . 6  becomes 
+ +  + + +  + 3  + 
E~(r20) = C As as exp[-j(ks*r20-ki~r10)1 J AX(r) 
S V 
+ +  + +  expl. j (ks-ki) or] dr 3 - 2 . 7  
+ The magnetic field corresponding to ER can be found 
+ 3. by using one of Maxwell's equations VX.E = -jupHr where 
the medium has been assumed to be isotropic in its 
magnetic properties. The magnetic field is 
+ I - +  
where V operates on r20 coordinates. To O ( T ) ,  HR is 
r20 
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3.2.8 V 
The received Poynting vector is 
Take the average value of this equation 
where 
3.2.10 V 
For this problem the average value <AX (;I AX (:2) > 
is chosen to depend only on the relative coordinates 
r1-r2. This follows if the random variable AX(;) is + +  
assumed to be homogeneous. This asgumption can be strictly 
true only if the medium is infinite, which is not the case 
in this problem. If the volume V is very large in terms 
of the largest correlation length agsociated with the 
problem, then the edge effects due to the non-homogeneity 
at the boundaries will be very small and the ranbom 
variable can be assuqed to be homogeneous. Let the 
average value be given by 
where B i s  t h e  normalized c o r r e l a t i o n  f u n c t i o n  of AX. 
With t h i s  assumption equa t ion  3.2.10 can be w r i t t e n  as 
+ 
Now expand t h e  wave v e c t o r  kt as a sum of  zs and a 
+- 
remainder vector bte Then equa t ion  3.2.11 can be w r i t t e n  
as 
+ +  + +  - b +  
I = < ( A X F > l l  B ( r l - r 2 ) e x p [ j  (CS-gi) &1-;2) l exp [ - j  bter21dr1dr2 
3.2.12 
This  equa t ion  can be s i m p l i f i e d  by making a change of 
v a r i a b l e s .  L e t  rl = rl - r 2  and 5 = r 2 .  The Jacob ian  of 
V 
+ +  + -+ 
t h e  t r ans fo rma t ion  i s  
- +  arl -- 
a: a$ 
ar2 ar2 
= 1  + +  
Then equa t ion  3-2.12 can be w r i t t e n  as 
I = <(c?X)2> J'S B($)  e x p [ j  (cS-Ci) -5-j gte$]d$ db 3.2.13 
V 
+ 3 -  Now cons ide r  t h e  f u n c t i o n  F ( g t )  = J' exp[ - j  gtar.]dr,. 
i s  a f u n c t i o n  which has  a s h a r p  peak a t  bt = 0 and o s c i l l a t e s  
and dec reases  r a p i d l y  away from bt = 0 i f  - << 3%' 
( T a t a r s k i ,  1961). 
wave v e c t o r s  of t w o  d i f f e r e n t  modes o r  s add le  p o i n t s  i t  
F(g t )  
V 
+- 
+ 1 
b t  
+- 
Since  bt i s  t h e  d i f f e r e n c e  between 
2 9  
w i l l  be of t h e  o r d e r  1/X. I f  t h e  dimensions of  t h e  
volume V are l a r g e  i n  terms of wavelengths ,  t hen  F(Gt) w i l l  
be approximately e q u a l  t o  zero u n l e s s  bt 
be- zero only  i f  t = s. Thus F ( 0 )  = V and .t-= s .  
+ + 
0 .  But  bt can 
Therefore  equa t ion  3.2.13 becomes 
I = V<(AX)'> 
S ince  V i s  ve ry  l a r g e  
t h e  i n t e g r a l  over  t h e  
+ 
P B ( n )  exp [ j  (gs-gi) a:] d; 
V 
i n  terms of c o r r e l a t i o n  l e n g t h s ,  
volume can be r ep laced  by an 
3 . 2 . 1 4  
i n t e g r a l  over  a l l  space wi thou t  apprec i ab ly  changing t h e  
va lue  o f  I. Therefore  equa t ion  3.2.14 becomes 
3.2.15 
The i n t e g r a l  i n  t h e  above equa t ion  i s  j u s t  t h e  spectrum @ 
of t h e  c o r r e l a t i o n  f u n c t i o n  B. So f i n a l l y  
+ +  
I = V<AX)2> QB (ks-ki) 3.2.16 
Thus t h e  average Poynt ing vector a t  t h e  receiver 
given by equa t ion  3-2.9 becomes 
+ +  V<@X)'> + +* 
< P R ( r 2 0 ) >  =. C ] A s  I @ , ( g s - ~ i ) R e [ ~ s  x (ks x a s ) ]  
3 . 2 . 1 7  2wv s 
Consider t h e  f a c t o r  
+ -t +* +* + 2-f -f + R e [ a s  X(ks x a,)] = Re[.]as,l ks - (kseas)as] 3.2.18 
I n  t h e  coord ina te  system shown i n  F igu re  2 . 6 , 1  
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1 
where R and Q are both  imaginary i n  t h e  propagat ing  
reg ion .  Compute 
h 
which i s  real ,  and 
Thus 
3.2.19 
F igu re  3.2.2 shows t h e  r e l a t i o n s h i p  between t h e  average 
Y 
Figure  3.2.2 Power i n  t h e  d i r e c t i o n s  o f  
t h e  r a y  and group v e l o c i t y .  
Poynt ing vector and t h e  component i n  t h e  d i r e c t i o n  of t h e  
wave normal. From F igure  3 .2 ,2  
A +- 
<pR> = < P ~ > ~  sec a r 2 0  
Thus from equa t ions  3,2.17 - 3,2.19 and t h e  above,equat ion 
3.2.17 s i m p l i f i e s  t o  
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Now f i n d  t h e  f a c t o r  IAsI2from equa t ion  3.2,5 
3* - + 
k:A$ Ids121asaReai12 
(4TI2 k2 S sec2 as l C s l  r 10 r20  
1 A S l 2  = 2 2  
b u t  l d s I2  = 1 fo r  a l l  p o s s i b l e  s u r f a c e s .  
T h e  average power f l o w  a t  t h e  receiver i s  j u s t  t he .  
A 
Poynting v e c t o r  i n  t h e  d i r e c t i o n  r 2 0 .  I ts  magnitude now 
s i m p l i f i e s  t o  
4 2  +* = + I 
<PR$'20)> = 2 2  I as @B (j+) 
k 0 A0 <AX)'>V 
3 2 ~ ~ u v r l o r 2 0  s ks sec as I C s ]  
c + 
3.2.21 
T h i s  i s  t h e  expres s ion  of i n t e r e s t .  T h e  express ion  f o r  t h e  
s c a t t e r i n g  c r o s s  s e c t i o n  is der ived  i n  t h e  nex t  s e c t i o n .  
3.3 The S c a t t e r i n 4  Cross S e c t i o n  0: 
i The s c a t t e r i n g  cross s e c t i o n  os i s  de f ined  as t h e  
power s c a t t e r e d  p e r  u n i t  s o l i d  ang le  from a u n i t  volume 
f o r  t h e  mode and saddle p o i n t  s ,  w i t h  u n i t  i n c i d e n t  power 
i n  mode and s a d d l e  p o i n t  i (Cohen, 1962) 
T h e  i n c i d e n t  e lec t r ic  f i e l d  i s  g iven  by equa t ion  
3.2.2 as 
Using t h e  assumptions o f  t h e  preceding  s e c t i o n  t h i s  
equa t ion  becomes 
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The 
t h e  
corresponding magnetic f i e l d  can be ob ta ined  by us ing  
s a m e  method as i n  t h e  preceding  sec t ion ,  
Thus, t h e  i n c i d e n t  Poynting v e c t o r  i s  
2 
4*  . Ao 
2 w r l  o 
4 -  Pi  2 R e [ Z i  x (ki x a i ) ]  
Thus us ing  t h e  same procedure as i n  t h e  preceding 
s e c t i o n  t h e  i n c i d e n t  power i s  
2 
Ao 
2 ~ r 1  o 
Pi = .-2 ki sec ai 3.3.2 
The s c a t t e r i n g  cross s e c t i o n  i s  
4 2 
< P R ( r 2 0 P s  r 2 0  
.i = 
v Pi S 
Using equa t ions  3.2.23. and 3.3.2 t h i s  equa t ion  becomes 
4 +* =:4  
ko las "M-aiI2 
a i  = - COS ai COS c " ~ < ( A X ) ~ > @ ~  (gs-Zi) 
1 6 1 ~ ~  kiks]CsI 3.3.3 
Therefore  t h e  s c a t t e r i n g  cross s e c t i o n  f r o m  mode i i n t o  mode 
s i s  ob ta ined  by summing over  t h e  s a d d l e  p o i n t s  of s t o  g e t  
Equation 3.3.3 shows t h a t  t h e  s c a t t e r i n g  cross s e c t i o n  
d i v i d e s  n i c e l y  i n t o  a p o r t i o n  which depends only  on t h e  
geometry of t h e  problem and t h e  p r o p e r t i e s  of t h e  medium, 
and a p o r t i o n  which c o n t a i n s  t h e  p r o p e r t i e s  of ?he random 
process  AX, Thus equa t ion  3 -3 .3  can be w r i t t e n  as 
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where 
The p r o p e r t i e s  of t h e s e  two f u n c t i o n s  w i l l  be 
d i scussed  s e p a r a t e l y  i n  t h e  nex t  t w o  Fec t ions .  
3.4 The Geometric Fac to r  G i  
i The only  informat ion  necessary  t o  c a l c u l a t e  Gs 
3.3,5 
3,3.6 
3.3.9 
is 
given  by t h e  geometry and t h e  parameters  of  t h e  background 
medium. The o r i e n t a t i o n  of t h e  t r a n s m i t t e d  r a y  p a t h  and 
t h e  s c a t t e r e d  r a y  p a t h  t o  t h e  magnetic f i e l d  and t h e  type  
of mode determine k i t  k s r  Cs, ai, a s t  ai and a s *  
t e n s o r  depends upon t h e  o r i e n t a t i o n  and s t r e n g t h  of  t h e  
D. C.  magnetic f i e l d .  
3 - f  
The 
I f  equa t ion  2.9.6 i s  uded f o r  ICs] , equa t ion  3.3.6 
can be w r i t t e n  as 
3.4.1 k 2  ..s s i n  BS + *  = + 
e ~ e a  l 2  G: = las i s i n  p s  aos as ki sec ai ks sec a S 
This  equa t ion  can be d iv ided  i n t o  t h r e e  f a c t o r s  which w i l l  
now be  d i scussed .  
k 2  
arises from t h e  r a t i o  S The factor ki sec ai ks sec as 
of  k i  t o  t h e  product  of  t h e  i n t r i n s i c  powers (Re(; X $ x - )a* ) )  
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of  t h e  i n c i d e n t  and s c a t t e r e d  modeso Th i s  can be 
seen from equa t ions  3.2,18 and 3.2,19 and Figure  3.2,2. 
A s  t h e  medium approaches an i s o t r o p i c  medium- (Y + 0 )  a 
and ai approach ze ro  and ks approaches kia Therefore  
t h i s  f a c t o r  reduces t o  u n i t y  f o r  an i s o t r o p i c  medium. 
S 
s in0  
The factor  i s  r e l a t e d  t o  t h e  prop- 
e r t ies  of the r e f r a c t i v e  index s u r f a c e  a t  t h e  sadd le  p o i n t  
s de f ined  by ps.  The term I % I i s  a f u n c t i o n  of t h e  ang le  
and t h e  second d e r i v a t i v e  of  t h e  s u r f a c e ,  and t h u s  i s  
r e l a t e d  t o  t h e  cu rva tu re  of t h e  s u r f a c e  a t  t h e  sadd le  
p o i n t .  A s  t h e  medium t e n d s  t o  i s o t r o p y ,  B S  t ends  t o  p s  
so as approaches ze ro  and t h e  s u r f a c e  t e n d s  t o  a c i rc le  
f o r  which - i s  u n i t y .  Thus t h i s  f a c t o r  a lso reduces t o  
u n i t y  f o r  an i s o t r o p i c  medium. 
The f i n a l  f a c t o r  las  
d0 
dp 
+* = + 
has t h e  fo l lowing  p h y s i c a l  
1 
meaning. T h e  e lectr ic  p o l a r i z a t i o n  induced by t h e  i n c i d e n t  
f i e l d  gi due t o  presence  of e l e c t r o n  d e n s i t y  i r r e g u l a r i t i e s  
+* = 3 - - +  
i s  A X M - a i .  Therefore ,  las . M e a i ]  i s  p r o p o r t i o n a l  t o  t h e  
p r o j e c t i o n  of t h e  induced p o l a r i z a t i o n  on t h e  s c a t t e r e d  
f i e l d  corresponding t o  mode s .  A s  t h e  medium becomes 
i s o t r o p i c  by t h e  dec rease  of Y ,  M becomes t h e  u n i t y  t e n s o r  
I ,  and las * M . a i 1 2  becomes ] a s  .ail 
- 
3* = 3 +* + 2 - 
e 
A s  Y approaches z e r o , R ,  as g iven  by equa t ion  2.6,4b, 
becomes T j and Q8 given by equa t ion  2e604c,-becomes zero. 
For t h i s  s p e c i a l  case t h e  c h a F a c t e r i s t i c  v e c t o r  a i s  
3 
3 5  
+ j s i n  y - cos p cos 
+ j cos  y - cos p s i n  
_. 
4 a=z[ 
J 2 ' -  
s i n  p 
3.4.2 
where t h e  f a c t  t h a t  8 = p f o r  t h e  i s o t r o p i c  case has  
been used i n  equa t ion  4 of appendix A l .  The ang le s  p and 
y are t h e  s p h e r i c a l  ang le s  of  t h e  r a y  d i r e c t i o n  of  t h e  wave. 
The geometry of t h i s  problem i n  t e r m s  of  t h e s e  ang le s  
4* 4 i s  shown i n  F igu re  3 . 4 . 1 .  Thus t h e  product  a s .  ai i s  
+- B"I 
Figure  3.4.1 The r e l a t i o n  between t h e  i n c i d e n t  
and s c a t t e r e d  r a y s .  
1 R (-1) (-l)'+'j cos  y -cos  pssiny s i n  p j s i n  y-cos  pscos y (-l)h+ljsiny-cospicosy (-1) h j cosy-cospisin y i s i n  p 3 2 S S 
where h = 1 f o r  t h e  o r d i n a r y  mode and h = 2 fo r  t h e  e x t r a -  
o r d i n a r y  mode. The same i s  t r u e  of R. 
3 Z* oai = ( - l l h+ '  + cos pi cos p + s i n  pi s i n  p s ]  S S 
3.4.3 
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is the scattering angle. - p s  where @ = pi  
If the incident field is a superposition of 
+* 3 +* + characteristic waves, as-ai becomes C Ai (aseai) e -  If the 
I 
incident wave is assumed to be a linearly polarized wave 
whose electric vector makes an angle Q with the plane 
defined by the incident and scattered rays then the 
amplitudes Ai are 
A2 = cos 17 - j sin q 
Thus 
+* -f 
EAi (as*ai) 
i 
R R 1 = -[ (cosn+j sinrl) (- (-1) +cos@)+ (cosq-j sinq) ( (-1) +cos@) ] 
2 
= cos cos rl - j (-1)' sin q 
Therefore for the isotropic case 
4* = -+ 
IaseMeaiI = sin2q + cos2@ cos2q 3.4.4 
which is exactly equal to the sin2X of Booker and Gordon 
(1950) for the geometry used here. 
The above analysis and equation 3-3.5 show that the 
scattering cross-section for the isotropic medium is 
k <AX)' > A A  
o =  (sin2rl + cos2@ cos2q) Q[k(rs-ri)l 3,4,5 
161-r~ 
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This  i s  e x a c t l y  equa l  t o  equa t ion  1 7  of Booker ( 1 9 5 6 )  when 
w r i t t e n  f o r  t h e  geometry used here .  
Two s p e c i a l  cases f o r  t h e  geometr ic  f a c t o r  are of  
s p e c i a l  i n t e r e s t .  The f i rs t  i s  t h e  forward S c a t t e r i n g  
case i n  which t h e  s c a t t e r i n g  angle  Cp (see Figure  3.4.1) i s  
equa l  t o  zero. T h i s  case occur s  when one i s  looking  a t  
t h e  t r a n s m i t t e r  through t h e  s c a t t e r i n g  medium. The o t h e r  
case i s  t h e  back- sca t t e r  c a s e  f o r  which t h e  s c a t t e r i n g  
angle  Cp i s  equa l  t o  IT- This  i s  t h e  r a d a r  c a s e  which i s  
always of much p r a c t i c a l  i n t e r e s t .  The geometr ic  f a c t o r  
f o r  t h e s e  two cases i s  i d e n t i c a l  because of t h e  symmetry 
o f  t h e  r e f r a c t i v e  index s u r f a c e s  cons idered  h e r e ,  These 
s u r f a c e s  are s u r f a c e s  of r e v o l u t i o n  about t h e  magnetic 
f i e l d  which r e s u l t s  i n  t h e  symmetric n a t u r e  of t h e s e  
s u r f a c e s .  For conveniencep t h e s e  t w o  cases w i l l  be r e f e r r e d  
t o  c o l l e c t i v e l y  as t h e  fo rward - sca t t e r  case. 
Before d i s c u s s i n g  t h e  fo rward - sca t t e r  case i n  g e n e r a l  
two s p e c i a l  cases w i l l  be  d iscussed .  For t h e  case where 
t h e  s c a t t e r i n g  ang le  Cp i s  zero t h e  on ly  ang le  necessary  
t o  d e s c r i b e  t h e  geometry i s  t h e  anqle  p t h a t  t h e  r a y  
makes wi th  t h e  magnetic f i e l d  (see F igure  3 .4 .1) .  The 
f i r s t  case i s  l o n g i t u d i n a l  propagat ion  f o r  which p i s  zero.  
The second case i s  t r a n s v e r s e  propagat ion  f o r  which p i s  
~ r / 2 ~  For t h e s e  t w o  cases t h e  r e l a t i o n s h i p  among t h e  vectors 
i s  s imple enough so t h a t  reasonably s imple equa t ions  
r e s u l t .  
38 
F i r s t  f i n d  t o  be used i n  equa t ion  3.4.1, From 
2.7.5 
3 . 4 - 6  
de n 
From n" Thus i n  o r d e r  t o  f i n d  one must know a and 
equa t ion  2.6.3 
n2 = 1 - X / ( l - T )  3.4.7 
3.4.8 
4 ( l - X )  
y2  s i n 2  e 
2 (l-X) 
where T = 
Therefore  
3.4.9 
+ - - * 2 ~ ~ s i n e c o s  
4 ( l - X )  
1~ y2s in20  
2Y2sinecose 1 y 4 s i n 4 e  
T ' =  
2 ( 1 - X )  214  ( l - X )  
Y s i n  e co s 8 
l-x 
+ y2cos2e]- [ 2 ( l - X )  - 
3.4.10 
So i f  8 e q u a l s  0 or 'rr j2,T'  i s  zero and t h e r e f o r e  n '  is 
zero. From equa t ion  2-7.3 t a n  a = - and t h u s ,  s i n c e  
n g  i s  ze ro  a t  8 = 0 Qr 'rr/z8 a is ze ro  a t  9 = 0 o r  ~ / 2 .  
n 
Therefore  f o r  8 e q u a l  t o  0 or 'rr/2 
3.4.11 
n '' Now f i n d  Te From equa t ion  3.4.9 
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XT XT'2 X2TV2 
nrt = - - - 
2n (1-T) n (1-T) 4n3( 1-T) 
but T' is zero so 
but from equation 3..4.7 n2 (1-T) = 1 - X - T, so 
n I' XT It 
n 2 (1-X-T) (1-T) 
_.- -  
From equation 3.4 e 10 
3.4612 
3.4.13 
4 (1-X) 2 (1-X) 
y2 (cos2e-sin28) 
TI1 = 
1-x 
. - ( 1 - X I  1 Y2sinecose 4- 1-x 
4 ~ ~ s i n ~ ~ c o s e  
- 2~~sinecose 
4 (1-X) 
2r2sinecose 
2 (1-X) 
y4sin46 
' [4(1-X)2 
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~ ~ s i n ~ 8 c o s ~ ~ 1  
+ y2cos2e 
4 (1-X) 
- + 
( 1 - X )  
- (1-X)l 7 3.4.14 
2 ( 1 - X )  
+ y2cos2e 
4 ( 1 - X )  
For 8 equal to 0 or rnthe second term is zero so that 
Thus from equations 3 .4 .11  and 3.4.13 
dP xy2 (cos28-sin28) Y " sin" 8 -llz ~ ~ s . i n ~ 8  
{lT[4 (1-X) 2+y2c0s2{ [2 ( 1 - X )  de '2 (1-X) ( 1 - T )  (1-X-T)  
- -  - 1+ 
3.4.15 
From this, one can covpute the value of 
sin p cos as dp ki sec ai ks sec as 
_. 3.4.16 S 
k: sin Os de 
for 8 = 0 and  IT/^^ For 8 = 0 and IT/& as = a 
n' is zero. For 8 = 0 
= 0 sihce i 
sin p dP s -  -  1 im 
sin O s  de e-to 
Thus from the above and equations 3.4,8 and 3.4.15 equation 
3.4.16 becomes 
4 1  
XY - 1’ 
- _ .  
s i n  p COS as dp k . s e c a i  kssecaS 
1  - S I 
s i n  O s  de kg 
- 
ks 1 2 ( l - X )  (1’Y)j 
3.4.17 
For 0 = I T L ~  equa t ion  334.16 becomes 
1 x (l-X) =-.i s i n  O s  de kS P-X- (Y2/2) (171) 
3.4.18 
“ i  sin p, cos as dp kisecai kssecQs - k2 S 
+* = -+ 
Now l a S e M - a i l 2  must be computed. 
system o f  F igu re  3.4.1, t h e  q u a n t i t y  M i s  
I n  t h e  coord ina te  
1 jY 
l - Y 2  l - Y 2  
0 - I 
3.4.19 
- 
From equa t ion  2.6.4 f o r  8 = 0 )  R = + j and Q = 0. The 
c h a r a c t e r i s t i c  f i e l d  f o r  8 = 0 can be computed from equa t ion  
A 1 . 4  as 
1 
m 
+ 
a = -  [ - l r  T j @  01 e = o 3.4.20 
where y has been set  equa l  t o  zero wi thou t  loss of  
g e n e r a l i t y .  The c h a r a c t e r i s t i c  f i e l d  for  transverse 
propagat ion  ( e  = ~r /2 )canno t  be obta ined  i n  t h e  same way 
because R = Q o r  m e  The expres s ions  Tor t h e s e  f i e l d s  are 
given by Papas i n  s e c t i o n  6 . 6  wi th  some modi f i ca t ions  as 
4 2  
XY 
-+ 
a2 = [ - j ,  01 
1-X-Y2 
where propagat ion  along t h e  x ax i s  has  been assumed. 
For  8 = 0 
2 
t h e  product  z i o ? e z i  i s  
0 0 1  
While f o r  8 = 1 ~ / 2 t h e  product  i s  
+* E + al  -Meal = 1 
aleM.a2 = 0 
+* = + a2*M.al = 0 
a 2 . M . a p  = - 
+* = 3 
1 
1 - Y  
+* = + 
3.4.2133 
3.4.22 
3.4 e 23a 
3.4.23b 
[I+ 1-X-Y2 2xy  + I 1-X-Y2 xy 11 
3 . 4 . 2 3 ~  
3.4 e 23d 
The geometr ic  f a c t o r  G: can now be computed f o r  t h e  
s p e c i a l  cases of l o n g i t u d i n a l  and t ransverse propagat ion  
f o r  t h e  fo rward - sca t t e r  geometry. Equat ions 3.4.1, 17, 
18, 2 2  and 23 can now be combined t o  o b t a i n  G i e  
r e s u l t s  are shown i n  Table  3 .4 ,1 ,  where 1 r e f e r s  t o  t h e  
o r d i n a r y  mode and 2 r e f e r s  t o  t h e  e x t r a o r d i n a r y  mode, 
There i s  no cross mode s c a t t e r i n g  because o f  t h e  
complimentary n a t u r e  o f  t h e  c h a r a c t e r i s t i c  waves a t  t h e s e  
t w o  extremes. The expres s ions  f o r  8 = 0 are symmetrical 
because t h e  c h a r a c t e r i s t i c  waves are a conjuqate  p a i r .  
The 
i - 
1 
1 
2 
2 
4 3  
Table 3 . 4 . 1  The Geometric Factor for 8 = 0 and .rr/2 
Geometric Factor G i 
S 
Xi 
1 
2 
1 
2 
e = o  
0 
0 
2 ( 1 - X )  3 2 [2 (1-x) (1-Y) -XY 
1 
1 -x  
0 
0 
1- 1 c l+  
+ (1 -x -Y xy 2 ) 2 1 ) 2  
2XY2 
1-X-Y2 1 - Y  2 
No such symmetry exists for 8 = .rr/2,and so the two 
expressions are markedly different. 
F?hile the expressions given in Table 3 , 4 , 1  are useful 
for computing the range of the geometric factor for some 
plasmas, they do not give any picture of what happens 
between them. These expressions also do not give any 
indication of the amount of cross mode scattering that may 
occur. If the geometry of Figure 3 . 4 . 1  is used, equation 
2 . 2 . 2  for becomes 
0 
1 - Y 2  O I  
1 j y  
1 - M = - [ - j Y  1 - Y  1 
0 0 
3 . 4 . 2 4  
The characteristic vector in this coordinate system is 
given by equation A1.4, with y = 0. n is given by equation 
4 4  
2.6.3, C by equa t ion  2 . 7 . 4  o r  2 . 7 , 6  and a by equa t ion  
2.7.3. 
The p h y s i c a l  problem t h a t  i s  t o  be so lved  can be 
desc r ibed  as fo l lows ;  i n c i d e n t  energy i s  beamed a long  t h e  
z-axis  and it i s  r ece ived  on t h e  z -ax is ,  whi le  t h e  magnetic 
f i e l d  makes an ang le  B w i t h  t h e  z-axis .  This  i s  e q u i v a l e n t  
t o  t h e  above qeometry i f  t h e  r a y  d i r e c t i o n  p i s  t aken  as B. 
A computer program was w r i t t e n  t o  solve t h e  equa t ions  i n  
t h e  coord ina te  system of t h e  preceding paragraph wh i l e  
d i s p l a y i n g  t h e  r e s u l t s  i n  t h e  above geometry. 
F igu re  3 .4 .2 (a )  shows t h e  r e f r a c t i v e  index a s  a 
p o l a r  p l o t  w i t h  r e s p e c t  t o  0 ( 0  = 0 i s  v e r t i c a l ) .  F igu re  
3 .4 .2(b)  shows t h e  cu rva tu re -  of n normalized wi th  r e s p e c t  
t o  n2  (a c i rc le  i s  t h u s  1) .  Figure  3.4.3 shows t h e  
geometr ic  f a c t o r  of t h e  forward s ca t t e r  case f o r  t h e  plasma 
shown i n  F igu re  3.4.2 as a func t ion  of B .  This  plasma i s  
a p p r o p r i a t e  t o  t h e  e a r t h * @  ionosphere i n  t h e  F-region f o r  a 
frequency o f  20  MHz, Sec t ion  (a )  shows t h e  s c a t t e r i n g  
from t h e  o rd ina ry  mode i n t o  t h e  o rd ina ry  mode. G starts 
o u t  a t  t h e  va lue  given i n  Table  3 ,4 .1  f o r  0 = 0 and s lowly 
rises u n t i l  t h e  c u r v a t u r e  s ta r t s  t o  dec rease  (see F igure  
3 . 4 . 2 ( b ) )  when it rises r a p i d l y  t o  t h e  va lue  given i n  t h e  
t a b l e  f o r  0 = ~ / 2 ,  The e x a c t  o p p o s i t e  happens wi th  t h e  
s c a t t e r i n g  from t h e  e x t r a o r d i n a r y  mode i n t o  t h e  ex t r a -  
o rd ina ry  mode shown i n -  s e c t i o n  d. Sec t ions  (b)  Bnd (c) 
show t h e  cross mode s c a t t e r i n q ,  
i 
Gs peaks a t  about 8 8 O  and 
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Figure 3 e 4 2 The r e f r a c t i v e  index and Gaussian cu rva tu re  
for X = 0 , 0 6 3  and Y = 0.075,  
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i Figure  3 , 4 , 3  The geometr ic  f a c t o r  G, f o r  forward scatter 
wi th  X = 0 , 0 6 3  and Y = 0 , 0 7 5 .  
drops t o  zero  a t  B = 9 0 ° .  T h e  range of angles  f o r  c r o s s  
mode s c a t t e r i n g  i s  very small f o r  t h i s  plasma. The peak 
va lue  i s  s l i g h t l y  g r e a t e r  f o r  s c a t t e r i n g  from "X" t o  " 0 "  
than from " 0 "  t o  "XI'. 
Figure 3 . 4 . 4  shows t h e  r e f r a c t i v e  index and cu rva tu re  
f o r  a plasma wi th  X = 0 . 2  and Y = 0 .447 .  X and Y are now 
much l a r g e r  and so t h e r e  i s  a much l a r g e r  d i f f e r e n c e  
between t h e  o rd ina ry  mode and t h e  ex t r ao rd ina ry  mode. 
Figure 3.4.5 shows t h e  geometr ic  f a c t o r  f o r  t h i s  plasma. 
Sec t ions  ( a )  and (d)  show t h e  much l a r g e r  range of va lues  
f o r  s c a t t e r i n g  t o  t h e  same mode f o r  t h e  l a r g e r  X and Y 
here .  I n  t h i s  case  t h e  ex t r ao rd ina ry  mode s e l f  s c a t t e r i n g  
i s  always g r e a t e r  than t h a t  of t h e  o rd ina ry  mode even a t  
t r ansve rge  propagat ion.  This-  r e s u l t  i s  expected for  t h e  
quas i - long i tud ina l  p a r t  where t h e  c h a r a c t e r i s t i c  waves 
a r e  e l l i p t i c a l l y  po la r i zed .  The s e n s e - o f  r o t a t i o n  of t h e  
ex t r ao rd ina ry  mode i s  t h e  same a s  t h e  sense  of r o t a t i o n  
f o r  t h e  e l e c t r o n  about t h e  magnet ic  f i e l d .  The c r o s s  mode 
s c a t t e r i n g  shown i n  s e c t i o n s  (b)  and (c) now has a much 
broader  range and a peak va lue  which i s  only about 2 o r d e r s  
of magnitude less than  t h e  self  mode s c a t t e r i n g o  The 
peak va lue  of t h e  c r o s s  mode s c a t t e r i n g  is again  s l i g h t l y  
g r e a t e r  f o r  " X i '  t o  "0 "  t han  f o r  " 0 "  t o  "X". 
The two preceding examples a r e  f o r  very simple 
plasmas and t h e  r e s u l t s  a r e  qviite r e g u l a r ,  This i s  hot  
t h e  case f o r  t hose  plasmas f o r  which t h e  shape of t h e  
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i Figure 3 . 4 . 5  The geometric f a c t o r  G, f o r  forward s c a t t e r  
w i t h  X = 0 . 2  and Y = 0 , 4 4 7 .  
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refractive index  s u r f a c e  of t h e  e x t r a o r d i n a r y  mode d i f f e r s  
s i g n i f i c a n t l y  f r o m  t h e  o r d i n a r y  mode. The nex t  t w o  
examples are of t h i s  t y p e  o f  plasma. 
F igu re  3.4.6 shows t h e - r e f r a c t i v e  index and t h e  
Gaussian c u r v a t u r e  of  a plasma wi th  X = 0 .5  and Y = 1,173.  
The major f e a t u r e  of  t h e  e x t r a o r d i n a r y  r e f r a c t i v e  index 
s u r f a c e  i s  t h e  l a r g e  r e l a t i v e l y  f l a t  area from about  0 = 20' 
t o  8 = 60" f o r  which p i s  approximately 6 S Q .  Figure  3.4.7 
shows t h e  geometr ic  factor  f o r  forward s c a t t e r i n g  f o r  t h i s  
plasma, The o r d i n a r y  t o  o r d i n a r y  s c a t t e r i n g  shown i n  
s e c t i o n  (a)  has  t h e  same form as t h e  preceding  plasmas 
wi th  a l a r g e r  range from l o n g i t u d i n a l  t o  t r a n s v e r s e  
propagat ion.  The c r o s s  mode s c a t t e r i n g  shown i n  s e c t i o n s  
(b)  and (c) has  t h e  same g e n e r a l  shape as  b e f o r e  peaking 
a t  about  65O. The peak va lue  of  " 0 "  t o  "X"  s c a t t e r i n g  
i s  now about  an o r d e r  of  magnitude l a r g e r  t han  "X" t o  110" 
s c a t t e r i n g .  The cross mode s c a t t e r i n g  from o r d i q a r y  t o  
e x t r a o r d i n a r y  i s  also of t h e  same o r d e r  of magnitude as 
t h e  self mode s c a t t e r i n g ,  The real compl ica t ion  f o r  t h i s  
plasma i s  i n  t h e  s e l f  mode s c a t t e r i n g  fo r  t h e  e x t r a o r d i n a r y  
mode shown i n  s e c t i o n  (a96 - T h e  m o s t  s a l i e n t  f e a t u r e  
h e r e  i s  t h e  r a p i d  changes i n  t h e . a m p l i t u d e  around B = 65O. 
The reason  for  t h e s e  r ap id .  changes i s  t h a t  when B 62.3O 
RQ s i n  0 = cos 0 which c a u s e s ' t h e  x component of equa t ion  
A 1 . 4  (y = 0 )  t o  p a s s  through 2ero from nega t ive  t o  p o s i t i v e .  
A t  t h i s  p o i n t  ",*.E*; = ''2x-1) ( l - Y 2 )  S ince  X = .5 f o r  t h e  
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F igure  3,4.6 The r e f r a c t i v e  index and Gaussian c u r v a t u r e  
f o r  X = 0,5 and Y = 1,173,  
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i Figure 3 . 4 , 7  The geometr ic  f a c t o r  G, f o r  t h e  forward s c a t t e r  
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case be ing  cons idered  here-p t h e -  g e o m e t r i c - f a c t o r  goes t o  
zero a t  t h i s  p o i n t .  This  t y p e - o f  behavior  i s  always 
i s  g r e a t e r  t han  one (RQ-s in  8 = cos 8 -t n2 p o s s i b l e  when -1-x 
n2 
1-x s i n 2  0 = 1). 
Figure  3.4.8 shows khe: refractive index and Gaussian 
c u r v a t u r e  f o r  a plasma wi th  X = 0.925 and-Y = 0.354. The 
major f e a t u r e  of t h e  r e f r a c t i v e  index  shown i n  section (a)  
i s  t h e  asymptot ic  behavior  of  t h e  e x t r a o r d i n a r y  r e f r a c t i v e  
index. The asymptote i s  a t  8 ' 50' which has  a r a y  d i r e c t i o n  
of 135'. The c u r v a t u r e  fo r  t h e  e x t r a o r d i n a r y  mode starts 
a t  50" because of  t h i s  behavior .  F igu re  3.4.9 shows t h e  
geometr ic  f a c t o r  f o r  t h i s  plasma. For o rd ina ry  self mode 
s c a t t e r i n g  shown i n  s e c t i o n  (a) t h e  shape of t h e  curve i s  
t h e  same as b e f o r e  b u t  t h e  range of  t h e  curve i s  now from 
8 X a t  f3 = 0 t o  1.33 XlO' a t  B = 9 0 ° s  This  r e s u l t s  
i n  a beam about f3 = 9 0 " .  The s c a t t e r i n g  i n t o  t h e  extra- 
o r d i n a r y  mode from e i t h e r  mode, sect ions (b)  and (d)  # i s  
nuch d i f f e r e n t  t han  anything encountered p rev ious ly .  These 
curves  W O L : ~  go t o  i n f i n i t y  i f  t h e  r e f l r ac t ive  index were 
allowed t o  do s o I  b u t  t h e  co ld  plasma theo ry  used h e r e  i s  
not  v a l i d  a t  such l a r g e  v a l u e s  o f  t h e  r e f r a c t i v e  index ,  
Ac tua l ly  a w a r m  plasma theo ry  would n o t  go t o  i n f i n i t y  
b u t  t h e  geometr ic  f a c t o r  would s t i l l  be very  l a r g e  and 
ve ry  narrow i n  shape. The s e l f  mode f a c t o r  i s  about  2 
o r d e r s  o f  magnitude l a r g e r  t h a n  t h e  o rd ina ry  mode f a c t o r .  
A t  @ = 90' t h e  s e l f  mode factor  f o r  t h e  e x t r a o r d i n a r y  mode 
has  a va lue  of 5 X lo3, 
5 4  
n 
(a) r e f r a c t i v e  index n 
F igure  3.4.8 The refractive index and Gaussian cu rva tu re  
f o r  X = 0.925 and Y = 0.354* 
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i Figure 3,4,9 The geometr ic  f a c t o r  Gm €or t h e  forward s c a t t e r  
case  wi th  X = 0 , 9 2 5  and Y = 0,354. 
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These are just some representative examples €or the 
geometric factor of the forward scatter case. For this 
case the.geometric factor needs only three parameters to 
completely describe it, X, Y, and the angle the ray 
direction makes with the magnetic field, The general case 
requires five parameters to completely describe it, X, Y, 
the angles the incident and scattered ray make with-the 
magnetic field and the azimuthal angle between the incident 
and scattered rays. This makes a meaningful display of 
Gi for the general case very difficult. 
The best way to display the results is-as-a contour 
plot of the geometric factor for the natural physical 
situation. 
the geometric factor as a function of the two angles 
associated with the scattered ray. 
used in the figures is shown in Figure 3.4.10. The incident 
That is given X, Y and the incident r$ypplot 
The qeometsy that is 
ray is always in the XZ plane and has the values @i = 0, 
45, 90 for each set of figures. The values of the contours 
are - S 
Scattered 
incident 1 
the values of the geometric factor Gie Solid lines 
x 
Figure 3,4,10 The qeometry for the general case. 
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are powers of t e n  whi le  dashed l i n e s  r e p r e s e n t  v a l u e s  
o t h e r  t han  l o n e  
symmetry. 
Both $s = 0 and 90"  a r e  p l anes  of even 
The f irst  se t  of f i g u r e s  are f o r  a plasma wi th  X = 0,.2 
and Y = 0 . 4 4 7 .  T h e  r e f r a c t i v e  index and t h e  Gaussian 
cu rva tu re  f o r  t h i s  plasma are shown i n  F igu re  3.4;4;- The. 
r e f r a c t i v e  index s u r f a c e s  f o r  t h i s  plasma are very reguz-ar- 
and it i s  t h e r e f o r e  t y p i c a l  of t h e  type  encountered i n  
h ighe r  f requency s t u d i e s  of t h e  ionosphere.  
F igu re  3.4.11 shows t h e  geometr ic  factor  f o r  
s c a t t e r i n g  from o rd ina ry  t o  o rd ina ry .  For t h e  i n c i d e n t  r a y  
i along t h e  magnetic f i e l d , * G s  i s  independent of $s as i s  
seen by t h e  s t r a i g h t  l i n e s  i n  s e c t i o n  ( a ) .  The same i s  
almost t r u e  of  t h e  i n c i d e n t  r a y  pe rpend icu la r  t o  t h e  
magnetic f i e l d  as shown by s e c t i o n  ( c ) .  
i s  one minimum a t  @ s  = 90"  (pe rpend icu la r  t o  Bo), and 
broad maxima i n  t h e  d i r e c t i o n  o f  t h e  magnetic f i e l d .  For 
For @i = 0 t h e r e  
A 
= 45" ( s e c t i o n  b )  t h e  maximum has s h i f t e d  t o  @ s  = 6 0 "  @i 
f o r  qS = 0 .  As $s i n c r e a s e s  t o  90" G becomes very f l a t  
vary ing  between ,2 and . 4 .  For @i = 90° t h e r e  i s  one 
broad maximum a t  @s = 90"  and minima a long  t h e  magnetic 
f i e l d .  The peak va lue  of G v a r i e s  by less than  an c r d e r  of 
magnitude from @i = 0"  t o  90°, 
Figure  3.4.12 shows G f o r  s c a t t e r i n g  from t h e  
o r d i n a r y  r ay  t o  t h e  e x t r a o r d i n a r y  r a y ,  The independence 
of QS f o r  @i = 0 and 90' i s  aga in  shown i n  s e c t i o n s  (a) 
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Figure  3.4,11 The geometr ic  f a c t o r  for  o rd ina ry  t o  o rd ina ry  
s c a t t e r i n g  w i t h  X = 0 . 2  and P = 0 . 4 4 7 ,  
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Figure  3,4.12 The geometr ic  factor  f o r  o r d i n a r y  t o  e x t r a -  
o r d i n a r y , s e a t t e r i n g  w i t h  X = 0 . 2  and Y = 0 . 4 4 7 .  
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and- (c) b u t  now t h e  peak v a l u e s  d i f f e r  by about  an order;  
of magnitude, For Cpi  = 0' there i s  a broad maximum a t  
O s  = 90' and minima along t h e  magnetic f i e l d .  
t h e  maximum has  moved t o  C p s  = 115' a t  Qs = 0'. 
i s  n o t  as f l a t  i n  t h e  r eg ion  around Qs = 90' a s . i n  t h e -  
For Oi ~ - 4 5 '  
The s u r f a c e  
prev ious  f i g u r e .  For Cpi = 90' t h e r e  are broad maxima a t  
55' and 125' and minima a t  C p s  = 0 ,  90, 18oeb 
F igu re  3.4.13 shows G f o r  s c a t t e r i n g  from t h e  e x t r a -  
4 s  
o r d i n a r y  mode t o  t h e  o r d i n a r y  mode. 
independent of QS. 
and minima a t  Cp = 0 ,  90, 180O. 
G i s  approximately t h e  s a m e  as f o r  l'O1l-llX1' s c a t t e r i n g .  
The peak va lue  f o r  @ i  = 45" i s  a lmost  ah o r d e r  of magnitude 
g r e a t e r  t han  t h a t  o f  Cpi = 0'. 
independent of Qse 
a t  C p s  = 90' which i n c r e a s e s  i n  width as Qs approaches 
90'. 
Now only  $i = Oois 
I t  has  t w o  maxima a t  Cps 7 0 "  and 110' 
For Cps = 45' t h e  shape of 
S 
I 
For Cpi = 90"G i s  no longe r  
With Qs = P t h e r e  i s  a sha rp  minimum 
The peak va lue  i s  abouv t h e  same as t h a t  f o r  C p i  = 45'. 
F igu re  3,4.14 shows G f o r  s e l f  mode s c a t t e r i n g  f o r  
t h e  e x t r a o r d i n a r y  mode. The major f e a t u r e  i s  t h a t  t h e  
s u r f a c e  i s  q u i t e  f l a t ,  compared t o  t h e  o t h e r  f i g u r e s ,  f o r  
a l l  va lues  o f  Cpiv  Cps and Qsa 
va lues  dec reases  a l i t t l e .  
As Qi  i n c r e a s e s  t h e  range of 
Th i s  set  of f i g u r e s  shows t h a t  even for  a re f rac t ive  
index as s imple as t h i s  t h e . v a l u e  of  t h e  qeometric f a c t o r  
i s  ve ry  v a r i a b l e ,  The excep t ion  t o  t h i s  i s  t h e  self mode 
s c a t t e r i n g  o f  t h e  e x t r a o r d i n a r y  mode. This  r e s u l t  i s  q u i t e  
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Figure 3.4.13 The geometric factor f o r  extrao 
ordinary scattering with X = 0,2 and Y = 0.447, 
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Figure 3.4,14 The geometr ic  f a c t o r  for  ex t r ao rd ina ry  t o  
e x t r a o r d i n a r y  s c a t t e r i n g  wi th  X = 0,2 and 
Y = 0 . 4 4 7 .  
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unexpected. Appendix A2 c o n t a i n s  a series of p l o t s  o f  G 
f o r  JIs = O'which g i v e  a b e t t e r  i d e a  of t h e  t r a n s i t i o n  from 
$i = OOto $i = 90'. 
I f  a more v a r i a b l e  r e f r a c t i v e  index i s  chosen t h e  
r e s u l t s  are q u i t e  d i f f e r e n t  f o r  m o s t  cases. F igure  3,4.8 
shows t h e  r e f r a c t i v e  index and Gaussian cu rva tu re  f o r  a 
plasma w i t h  X = 0.925 and Y = 0.354. The o rd ina ry  
Pefractive index i s  s imilar  t o  t h e  r e f r a c t i v e  index o f  
t h e  preceding  example b u t  of smaller s i z e .  Therefore  
t h e r e  should be some s i m i l a r i t y  fo r  t h e  o rd ina ry  mode 
s e l f  s c a t t e r i n g .  The e x t r a o r d i n a r y  r e f r a c t i v e -  index i s  
completely d i f f e r e n t  f r o m  t h e  preceding case. The curva- 
t u r e  i s  of t h e  o p p o s i t e  s i g n  and t h e  r e f r a c t i , v e  index has  
an asymptote a t  49 degrees  wi th  r e s p e c t  t o  t h e  magnetic 
f i e l d  f o r  t h e  phase d i r e c t i o n .  T h e  r a y  d i r e c t i o n  which 
corresponds t o  t h i s  i s  about  1370. The le fo re  t h e - r a y  
d i r e c t i o n  can va ry  between 4 2  and 137 degrees .  C a r e  mus t  
be t aken  i n  i n t e r p r e t i n g  t h e  r e s u l t s  nea r  t h e  asymptotes 
s i n c e  t h e  co ld  plasma theo ry  breaks down i n  t h i s  r eg ion  
and t h e  Gaussian c u r v a t u r e  i s  s m a l l  and approaching zero  
which w i l l  v io la te  t h e  requirement  t h a t  t h e  t h i r d  d e r i v a t i v e  
o f  t h e  s u r f a c e  be n e g l i g i b l e  compared t o  t h e  second 
d e r i v a t i v e  (Gaussian c u r v a t u r e )  
F igu re  3,4.15 shows t h e  self mode s u r f a c e  of t he  
o r d i n a r y  mode f o r  t h i s  plasma. The shape of t h e s e  curves  
are s i m i l a r  t o  those of t h e  preceding  case but t h e  
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Figure 3,4,15 The geometric factor for ordinary to ordinary 
scattering with X = 0,925 and Y = 0.354. 
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-'magnitude i s  d i f f e r e n t .  The magnitude i s  about ha19 of 
t h e  preceding case f o r  $i = @ w h i l e  it i s  an o r d e r  of 
magnitude g r e a t e r  f o r  Cp = 98.  For $i = 00 t h e  maximum i s  i 
very  broad and f l a t  dec reas ing  very  r a p i d l y  t o  a minimum 
a t  $s = 9OQ There i s  an order of magnitude i n c r e a s e  from 
$i = O'to Cpi = 45qand aga in  f r o m  @i  = 45Oto $i = 904 
Figure  3 . 4 . 1 6  shows t h e  cross mode s c a t t e r i n g  from 
o r d i n a r y  t o  e x t r a o r d i n a r y .  There are no va lues  below 
Cps = 45Oor above C p s  = 135Ofor t h e  reason  mentioned above. 
The obvious f e a t u r e  of t h i s  f i g u r e  i s  t h e  ve ry  l a r g e  
values of  G ,  I f  a more a c c u r a t e  theo ry  w e r e  used i n  
computing G t h e  peak va lues  might be a l i t t l e  less b u t  
. 
t h e s e  f i g u r e s  s t i l l  show t h e  t r e n d  o f  t be  s u r f a c e  f o r  t h i s  
cond i t ion .  Of course  there i s  no s i m i l a r i t y  t o  t h e  
corresponding s u r f a c e s  of t h e  preceding case. 
t h e r e  are minima a t  about $s = 7 5 O  and 105O, wi th  ve ry  
l a r g e  va lues  a t  $s  = 45Oand 135: 
i s  a t  C p s  = 115' and i s  deeper .  
s u r f a c e  goes t o  zero a t  $s = 90°. 
For c$i = 00 
A t  $i = 45O t h e  minimum 
F i n a l l y  a t  c$i = 90° t h e  
F igu re  3.4.17 shows t h e  cross mode s u r f a c e  from 
e x t r a o r d i n a r y  t o  o rd ina ry .  There i s  no e x t r a o r d i n a r y  mode 
for  Cpi 
For $i = 45O there is a maximum a t  $s = 90° and a minimum 
at Cps = 150°, The peak va lue  i s  about a n - o r d e r  of maqni- 
t ude  g r e a t e r  t h a n  t h e  p rev ious  case .  
42' so there are on ly  t w o  s e c t i o n s  t o  t h i s  f i g u r e ,  
A t  Yi = 90' G has  a broad 
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maximum which g e t s  f l a t t e r  as $s i n c r e a s e s  and a sharp  
minimum a t  @ s  = 90'. 
Figure  3.4.18 shows t h e  self mode s u r f a c e  for t h e  
ex t r ao rd ina ry  mode. The l a r g e  va lues  c h a r a c t e r i s t i c  of 
s c a t t e r i n g  t o  t h e  e x t r a o r d i n a r y  mode are aga in  ev iden t  and 
t h e  same comments apply t o  them. The minima of  bo th  
s e c t i o n s  occurs  a t  #I = 90' and $; = 90'. S 
This  l a s t  s e t  of  f i g u r e s  shows a markedly d i f f e r e n t  
behavior  from t h e  f i rs t  set.- The main reason  f o r  t h i s  
behavior  i s  t h e  r a t h e r  f l a t  r e f r a c t i v e  index a s s o c i a t e d  wi th  
t h e  asymptotes.  I n  t h i s  reg ion  t h e  au rva tu re  i s  less than  
one and so G i s  ihc reased  from t h e  va lue  f o r  t h e  i s o t r o p i c  
medium. Phys ica l ly  t h e  l a r g e  s c a t t e r i n g  a s soc ia t ed  wi th  
t h i s  f l a t  area i s  expected s i n c e  as t h e  r e f r a c t i v e  index 
becomes f l a t ,  many more r ays  c a r r y  energy i n  approximately 
t h e  same d i r e c t i o n  as t h e  exact ray:  t h a t  i s ,  t h e  r ays  
d ive rge  less, and so more energy should be rece ived  f o r  
a given i n c i d e n t  power, 
i 
3.5 T h e  S t a t i s t i c a l  Fac tor  S s  
The s t a t i s t i c a l  f a c t o r . i s  given by equat ion  3 , 3 , 7  as  
where QB is  t h e  spectrum of t h e  c o r r e l a t i o n  func t ion  B f o r  
t h e  f l u c t u a t i o n s  AX. This  func t ion  depends upon a l l  t h e  
prev ious  parameters  X ,  Y and t h e  geometry of t h e  magnet ic  
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Figure 3.4,18 The geometric factor for extraordinary to 
traordinary scattering for X = 0,925 and 
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f i e l d ,  t h e  i n c i d e n t  r a y  and t h e  scattered r a y p  a n d - i n  
a d d i t i o n  it depends upon t h e  s t a t i s t i c s  of t h e  f l u c t u a t i o n s .  
The r e d u c t i o n  of t h i s  f u n c t i o n  t o  t h e  i s o t r o p i c  case 
i s  s t r a i g h t  forward. 
so t h a t  equa t ion  3.5.1 becomes 
For t h e  i s o t r o p i c  ease ks = ki = k ,  
A h  
S = <AX)'> Qg[k  (rs-ri) 3 3.5.2 
A 
where rs i s  a u n i t  v e c t o r  i n  t h e  d i r e c t i o n  o€ t h e  s c a t t e r e d  
r a y  and ri i s  a u n i t  vector i n  t h e  d i r e c t i o n  of t h e  i n c i d e n t  
A 
ray .  This  i s  e x a c t l y  t h e  fac tor  P i n  equa t ion  1 7  of  
Booker (1956) .  Thus equa t ion  3.5.1 i s  j u s t  t h e  obvious 
g e n e r a l i z a t i o n  of  equa t ion  3.5.2 t o  t h e  a n i s o t r o p i c  case  
cons idered  here .  Therefore  a l l  t h e  p rev ious  theory  
developed f o r  t h e  i s o t r o p i c  case i s  v a l i d  h e r e  i f  it i s  
eva lua ted  a t  t h e  more correct p o i n t  (z -zi) i n s t e a d  of  
S 
The forward sca t te r  case i s  d i f f e r e n t  f som- the  back 
For t h e  i i scat ter  case fo r  Ss, which w a s  no t  t r u e  f o r  G s .  
forward scatter case t h e  i n c i d e n t  r a y  and t h e  s c a t t e r e d  
r a y  are i n  t h e  same d i r e c t i o n ,  so equa t ion  3.5.2 i s  
.(Ad2> Q g ( 0 ) .  
s = i. Thus f o r  plasmas w i t h  one sadd le  p o i n t  f o r  each 
The same i s  t r u e  of equa t ion  3 ,5 .1  i f  
mode t h e  s e l f  mode forward scatter s t a t i s t i ca l  f a c t o r  
i s  i d e n t i c a l  t o  t h a t  of t h e  i s o t r o p i a  case. The cross 
mode f a c t o r  i s  t h e  a d d i t i o n  g iven  by t h e  a n i s o t r o p i c  
s i t u a t i o n  e 
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I f  t h e  c o r r e l a t i o n  func t ion  of  t h e  f l u c t u a t i o n s  i s  
a Gaussian f u n c t i o n  g iven  by 
X Y 2 
~ ( 5 )  = exp[- (- + -  + -11 
R 2  
2 
R 2 ?  R 2  
X Y 
3.5.3 
where R i s  t h e  c o r r e l a t i o n  l e n g t h ,  t hen  t h e  spectrum i s  
1 
QB(T;) = 7T3’2 R ,R R Z  exp[- - (2; ki + R 2  k 2  + R i  k i l l  3.5.4 
X Y  4 Y Y  
.. 
27T Since  k = ko n and ko = rt t h i s  equa t ion  becomes 
3.5.5 
Since  n i s  n o t  a very l a r g e  number, t h e  va lue  of QB 
w i l l  be  determined p r i m a r i l y  by t h e  r a t i o  of t h e  correla- 
t i o n  l e n g t h  t o  t h e  f r e e  space  wavelength. I f  t h i s  r a t i o  
i s  l a r g e  ( say  1 0 )  and n i s  o f  t h e  o r d e r  1 then  QB w i l l  be 
n e g l i g i b l y  small. This  imp l i e s  t h a t  t h e  c r o s s  mode 
forward s c a t t e r i n g  i s  extremely weak when t h e  r a t i o  i s  
l a r g e  because QB i s  s m a l l  i f  n i s  of o r d e r  1 or  i f  n i s  
small t h e  t w o  modes are n e a r l y  i d e n t i c a l  f o r  which t h e  
geometr ic  f a c t o r  d i scussed  i n  t h e  previous  s e c t i o n  i s  s m a l l .  
The case of n s m a l l  i s  discuFsed f u r t h e r  l a t e r  i n  t h i  
s e c t i o n .  
t3 
For t h e  back sca t te r  case t h e  s c a t t e r e d  r a y  i a , i p  
t h e  o p p o s i t e  d i r e c t i o n  from t h e  i n c i d e n t  r a y  so equa t ion  
3.5.2 becomes QB[2k ri] For t h i s  case even t h e  
i s o t r o p i c  spectrum depends upon t h e  r a t i o  of t h e  c o r r e l a t i o n  
A 
7 2  
l e n g t h  t o  t h e  wave l eng th .  For t h i s  case 
A A 
where nsni and ni are e v a l u a t e d  f o r  the  r a y  d i r e c t i o n  rie 
Therefore, i f  t h e  i s o t r o p i c  case has a f i n i t e  va lue  f o r  
a B p  t h e  a n i s o t r o p i c  case w i l l  have f i n i t e  s o l u t i o n s  f o r  
QB from both  t h e  self mode t e r m s  and t h e  cross mode terms. 
I n  o t h e r  words, i f  there i s  s o m e  back s c a t t e r e d  power, 
t h e  cross mode t e r m s  may'be s i g n i f i c a n t .  
I n  t h e  g e n e r a l  case f o r  t h e - i s o t r o p i c  medium t h e  spec- 
trum is eva lua ted  i n  t h e  so c a l l e d  m i r r o r  d i r e c t i o n  
(rs-r .) .  
i n g  volume such t b a t  i t s  normal i s  i n  t h e  d i r e c t i o n  
(rs-ri), t h e  s c a t t e r i n g  problem i s  d u p l i c a t e d  by t h e  
r e f l e c t i o n  problem. I n  t h e  gene ra l  ca se  f o r  t h e  an iso-  
A h  
That i s ,  i f  a mir ror  were p laced  i n  t h e  scatter-  
1 
A h  
t r o p i c  medium t h e  d i r e c t i o n  o f  e v a l u a t i o n - d o e s  no t  have 
t h i s  s imple meaning. The mirror  d i r e c t i d n  i s  p rope r ly  
de f ined  by t h e  vector ks-ki n o t  by t h e  vector rs-rie 
This  can be seen  from F igure  3.5.1, I f  a wave i s  i n c i d e n t  
A A  + +  
-;b 
Figure  3-5.1 k i n  t h e  case of a r e f l e c t i o n ,  
on a p e r f e c t  conductor  i n  t h e  X-Y p l ane  q i t h  t h e  wave 
7 3  
-f 
vector ki i n  the X-2 p lane ,  t hen  t h e  r e f l e c t e d  wave w i l l  
have a wave vector zs i n  t h e  X-2 p lane  s u c h - t h a t  t he -X  
component of gi and zs are equa l ,  
component i s  such t h a t  zs l ies  on t h e  r e f r a c t i v e  index 
s u r f a c e .  Therefore  i n  t h i s  coord ina te  system t h e  mirror  
v e c t o r  ks-ki i s  a vector i n  t h e  z d i r e c t i o n  which i s  
normal t o  t h e  mirror. The same d e s c r i p t i o n  holds  f o r  t h e  
i s o t r o p i c  medium b u t  f o r  t h i s  case ks-ki = k ( r s - r i )  s i n c e  
t h e  r a y  d i r e c t i o n  and t h e  phase d i r e c t i o n  are t h e  same. 
I n  t h e  quantum mechanical s c a t t e r i n g  a term ks-ki appea r s ,  
which r e p r e s e n t s  t h e  change i n  momentum of  t h e  p a r t i c l e  
which occurs  d u r i n g  t h e  s c a t t e r i n g  p rocess .  This  i s  j u s t  
t h e  conse rva t ion  of momentum. S ince  t h e  wave vector k i s  
t h e  wave analog of t h e  momentum, t h i s  i s  an a l t e r n a t e  
The va lue  o f  t h e  z 
+ +  
A h  + +  
+ +  
+ 
d e s c r i p t i o n  of  t h e  mirror  vector. Therefore  t h e  s c a t t e r i n g  
problem and t h e  r e f l e c t i o n  problem are s t i l l  t h e  same as 
f a r  as t h e  m i r r o r  vector i s  concerned i f  it i s  p rope r ly  
def ined .  
An examination of QB (zS--zi) would seem t o  i n d i c a t e  
t h a t  t h e  cross mode s c a t t e r i n g  should g e t  b e t t e r  as t h e  
medium becomes more i s o t r o p i c  s i n c e  ks approaches kip but  
as w a s  shown i n  s e c t i o n  4, t h e  geometr ic  f a c t o r  f o r  c r o s s  
mode s c a t t e r i n g  dec reases  t o  zero as t h e  medium becomes 
i s o t r o p i c .  Thus al though QB i s  i n c r e a s i n g ,  i t s  maximum 
va lue  i s  only  ohe, whi le  t h e  geometr ic  f a c t o r  f o r  cross 
mode s c a t t e r i n g  i s  oyders  of magnitude less than  t h a t  f o r  
7 4  
self-mode s c a t t e r i n g .  Therefore  t h e  cmss made power wdll. 
be i n s i g n i f i c a n t  when compared t o  t h e  s e l f  mode power. 
So f a r  noth ing  has  been s a i d  about  t h e  o t h e r  part.of 
t h e .  s t a t i s t i c a l  f a c t o r ;  <(ad2>. The mean squared va lue  of .  
a s t a t i o n a r y  random process  i s  a measure of t h e  i n t e n s i t y  
of d e v i a t i o n s  of t h e  p rocess  from ze ro ,  I n  o t h e r  words 
<[AX)'> i s  a measure of t h e  i n t e n s i t y  of  t h e  f l u c t u a t i o n s .  
The appearance of t h i s  f a c t o r  i n  t h e  s c a t t e r i n g  cross- 
s e c t i o n  says  t h a t  t h e  s c a t t e r i n g  c r o s s - s e c t i o n  i s  d i r e c t l y  
p r o p o r t i o n a l  t o  the.  i n t e n s i t y  of t h e  f l u c t u a t i o n s .  
i Evalua t ion  of Ss i n  s p e c i f i c  cases r e q u i r e s ,  i n  
a d d i t i o n  t o  t h e  informat ion  about  t h e  medium and t h e  
geometry, a s p e c i f i c  model of  t h e  f l u c t u a t i o n s  which g i v e  
rise t o  t h e  s c a t t e r i n g .  Table  3 .5 .1  g i v e s  some s p e c i f i c  
c o r r e l a t i o n  f u n c t i o n s  and t h e  spectrum which corresponds 
Table  3.5.1 C o r r e l a t i o n  Funct ion and Spectrum Pa i r s  
C o r r e l a t i b n  Funct ion 
R2  -2 
+ -i"I 
LO 
I Spectrum 
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t o  them (Wheelon, 1959) ,  These p a i r s  are eva l lua ted- for  
f l u c t u a t i o n s  which are i s o t r o p i c ,  A d i s c u s s i o n  of t h e  
l i m i t a t i o n s ,  t ype  of problems used i n  and t h e  r e a s o n s = f o r . .  
assuming each model can be found i n  Wheelon's paper ,  
T a t a r s k i  ( 1 9 6 1 )  a l s o  p r e s e n t s  a good d i s c u s s i o n  of these 
d i f f e r e n t  models f o r  t h e  f l u c t u a t i o n s  i n  s e c t i o n  4 . 4 .  
I f  t h e  f l u c t u a t i o n s -  are assumed t o  be a n i s o t r o p i c  
(having a d i f f e r e n t  c o r r e l a t i o n  l e n g t h  i n  d i f f e r e n t  
d i r e c t i o n s ) ,  the  spectrum f u n c t i o n  i s  m o r e  complicated.  
Equat ion 3 . 5 . 3  i s  t h e  a p p r o p r i a t e  Gaussian c o r r e l a t i o n  
f u n c t i o n  wi th  d i f f e r e n t  c o r r e l a t i o n  l e n g t h s  a long t h e  x ,  
y and z-ax is ,  and equa t ion  3 . 5 . 4  i s  t h e  spectrum f u n c t i o n  
which corresponds t o  it. 
The use  of  t h e  Gaussian c o r r e l a t i o n  func t ion  i s  n o t  
suggested by any p h y s i c a l  a t t r i b u t e s  of  t h e  f l u c t u a t i o n s .  
I ts  u s e  i s  d e s i r e d  because it g e n e r a l l y  reduces t h e  
d i f f i c u l t y  of  t h e  i n t e g r a l s  involved s i n c e  it goes t o  
zero  as t h e  argument exceeds one or two c o r r e l a t i o n  l eng ths .  
3,6 The Amxoximations Used 
The approximations used i n  o b t a i n i n g  t h e  r e s u l t s  of 
s e c t i o n  3 . 2  can be d iv ided  i n t o  t w o  groups.  The f i r s t  
group c o n t a i n s  t h e  approximations which are t y p i c a l  of 
problems of t h i s  t y p e ,  no matter what t ype  of  medium i s  
assumed., The second c o n t a i n s  t h o s e  approximations which 
are p e c u l i a r  to t h e  problem w i t h  an a n i s o t r o p i c  background 
medium, 
7 6  
The first group contains. three approximations. The 
first two are restrictions on the-size,of'the scattering 
volume V ,  They are: -khe scattering volume must be large 
in terms of wavelengths and khe'scatterinq'volume must be 
large in terms of correlation lengths, The third approxi- 
mation is the far f i e l d  approximation. This approximation 
can be stated more precisely as Irlo-rl - 1 1 0  and 
lr20-rl - r20r where r ranges over the scattering volume. 
1 $ 0 - - ~ 1  can be expanded as 
4 + , . ,  
+ + -  + 
n 
Therefore if r/ro can be.neglected-in comparison with one 
the above approximation is satisfied. 
The second group of approximations contains two 
approximations dealing with the parameters of an aniso- 
tropic medium. The first requires that the variation of 
the factors involved in the magnitude portion (as, as' ai# 
ks, ki and C s )  is small when $ varies over the scattering 
volume. The second approximation requires that the phase 
variations caused by the.variation of gs and ki over the 
+ +  
3 
scattering volume are negligible, The second of these 
will be the most restrictive in general since phase 
variations generally have a far greater effect than ampli- 
tude variations, 
The quantities involved in this second group of 
approximations are all explicit functions of the angle 
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d9 
A8 = - 
9 and t h e r e f o r e  t h e i r  v a r i a t i o n , d e p e n d s - u p o n  A O ,  t h e  
A P  
v a r i a t i o n  of 9 over t h e  volume V, A8 i s  r e l a t e d  t o  A p ,  
t h e  v a r i a t i o n  i n  t h e  r a y  d i r e c t i o n  over t h e  volume, A p  
i s  simply r e l a t e d  t o  t h e  d i s t a n c e  t o  t h e  scat ter ing volume 
ro and t h e  d iameter  o f - t h e  s c a t t e r i n g  volume pe rpend icu la r  
t o  des igna ted  by dme This  r e l a t i o n  i s  
dln tan(Ap)  = - 
2 r 0  
I f  t h e  f a r  f i e l d  approximation i s  m e t ,  A p  i s  a small 
ang le  and t h e r e f o r e  
3 . 6 . 2  
2 r o  
This  equa t ion  connects  t h e  seeond group o f  approximations 
t o  t h e  f i r s t  group. Equation 3.6.2 i s  c o n s i s t e n t  w i t h  t h e  
f a r  f i e l d  approximation s i n c e  t h e  maximum value of r 
pe rpend icu la r  t o  ro i s  dm/2. 
.j 
Since  A9 i s  s m a l l  it c a n - b e  approximated by t h e  
3.6.3 
I f  equa t ion  2 . 7 . 6  i s  used- f o r  - de t h i s  equa t ion  becomes dp9  
s i n  P O  cos a0 
s i n  0 0  n 2  
where Cn i s  t h e  Gaussian culrvature o f  t h e  refract ive index 
surface given by n (C = Cn/ko). 
A 0  = A P  3 .6 .4  
2 
The f a c t o r  
7 8  
u s u a l l y  has  a v a l u e  much closer t o  one than  s i n  P O  C O S ~ O  s i n  8 0  
n2Cn f o r  a g iven  s i t u a t i o n ,  so t h e  main f a c t o r  i n  d e t e r -  
mining A8 i s  n2Cno 
If n2Cn i s  l a r g e ,  t h e  e f f e c t  
A l a r g e  va lue  of Cn means s m a l l .  
0 f . a  given Ap w i l l  be 
t h a t  t h e  r a d i u s  of  
c u r v a t u r e  i s  s m a l l  (see F igure  3 . 4 . 6 )  and therefore n i s  
changing r a p i d l y .  Thus t h e  more n chanqes f o r  a g iven  
change i n  8 t h e  smaller w i l l  be  t h e  e f fec t  of  a given 
change i n  r a y  d i r e c t i o n .  These r eg ions  are t h e  m o s t  
advantageous from t h e  s t a n d p o i n t  o f  t h e  second group o f  
approximations s i n c e  a g iven  Ap r e s u l t s  i n  a smaller A8 
and t h e r e f o r e  a smaller v a r i a t i o n  of t h e  q u a n t i t i e s  i n  
t h e s e  approximations.  
The o p p o s i t e  r e s u l t s  occur  when n2Cn i s  s m a l l .  Care 
must be taken  he re  s i n c e  i f  Cn i s  too small t h e  t h i r d  
d e r i v a t i v e  of t h e  r e f r a c t i v e  index w i l l  n o t  be n e g l i g i b l e  
and a more r e f i n e d  theo ry  w i l l  be necessary .  I f  t h e  
cu rva tu re  i s  s m a l l  t h e  r a d i u s  of  cur-vature i s  l a r g e  and 
t h e  refract ive index does n o t  change much f o r  a g iven  
change i n  8 .  This  i s  a " f l a t  area" i n  the  refract ive 
index s u r f a c e  (see Figure  3 . 4 . 6  a t  about  8 = 40'). Now 
t h e  e f f e c t  of a given change i n  p i s  magnif ied i n s t e a d  
of  diminished.  T h i s  i s  t h e  w o r s t  case fo r  t h e  approxima- 
t i o n s  s i n c e  a g iven  Ap now r e s u l t s  i n  a l a r g e r  A8 and 
t h e r e f o r e  a l a r g e r  v a r i a t i o n  of  t h e  q u a n t i t i e s  i n  t h e s e  
approximations,  
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Table 3.6.1 gives  t h e  v a r i a t i o n  of some o f  t h e  
q u a n t i t i e s  involved i n  t h e  second group of approximations 
f o r  t h e  e x t r a o r d i n a r y  mode of a -p l a sma  w i t h  X = 0 . 5  and 
Table 3.6.1 Se lec t ed  V a r i a t i o n s  of Q u a n t i t i e s  f o r  t h e  
Ex t rao rd ina ry  Mode w i t h  X = 0 . 5  and Y = 1 . 1 7  
Y = 1 . 1 7  (see F igure  3 . 4 , 6 ) .  The d i s c u s s i o n  of t h e  
preceding  paragraphs i s  shown i n  t h e  columns l a b e l e d  
n2Cn and 
one and so A 0  i s  less t h a n  A p .  
less than  one and t h e r e f o r e  A 0  i s  g r e a t e r  t han  A p .  
de I n  t h e  f i r s t  two cases n2Cn i s  g r e a t e r  than a;;;' 
I n  t h e  l a s t  case n2Cn i s  
The s i x t h  column i s  t h e  v a r i a t i o n  o f  t h e  phase. The 
phase i s  approximately g iven  by 
3.6.5 
Thus - - dn i s  t h e  percentage  change i n  phase f o r  a u n i t  
change i n  r a y  d i r e c t i o n .  Table  3,6.1 shows t h a t  t h e  
n dP 
phase v a r i a t i o n  can probably be ignored f o r  t h e  f i r s t  
two cases, b u t  Ap d o e s n * t  have t o  be ve ry  l a r g e  be fo re  
t h e  phase v a r i a t i o n  of t h e  l a s t  case becomes s i g n i f i c a n t ,  
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The l a s t  column g i v e s  t h e  v a r i a t i o n  of one of t h e  
f a c t o r s  involved i n  t h e  magnitude. Ayain t h e  v a r i a t i o n  
of t h e  f i rs t  t w o  cases i s  probably n e g l i g i b l e ,  b u t  t h e  
l a s t  case has  a ra ther  l a r g e  percentage  v a r i a t i o n  and 
t h e r e f o r e  may be s i g n i f i c a n t .  The remaining f a c t o r s  i n  
t h e  magnitude d e a l  w i t h - t h e -  c h a r a c t e r i s t i c  v e c t o r .  The 
magnitude of t h e  c h a r a c t e r i s t i c  v e c t o r  i s  a s lowly va ry ing  
f u n c t i o n  of 0 and t h e r e f o r e  i t s  v a r i a t i o n  i s  always 
n e g l i g i b l e .  The remaining f a c t o r  i s  t h e  product  of t w o  
c h a r a c t e r i s t i c  v e c t o r s  w i t h  ye For m o s t  cases t h i s  f a c t o r  
should have t h e  same behavior as t h e  magnitude of  t h e  
c h a r a c t e r i s t i c  vector-.  The excep t ion  t o  t h i s  w i l l  occur  
when t h e  product  a s e M o a i . h a s  a s m a l l  va lue .  
+ = +  
The r e s u l t s  of t h i s  s e c t i o n  show t h a t  t h e  a d d i t i o n a l  
approximations due t o  t h e  a n i s o t r o p i c  medium are c o n s i s t e n t  
w i t h  t h e  approximations normally encountered i n  t h i s  t ype  
of problem. A t  t h e  same t i m e  they  are h i g h l y  dependent 
on t h e  p r o p e r t i e s  of t h e  medium i n  t h e  neighborhood of t h e  
sadd le  p o i n t  and t h e r e f o r e  g e n e r a l i z a t i o n s  can be 
mis leading ,  
3 . 7  Appl i ca t ions  of  t h e  R e s u l t s  
The r e s u l t s  of  t h i s  c h a p t e r  w i l l  be a p p l i e d  t o  t w o  
problems. The f i r s t  i s  a d i s c u s s i o n  o f  t h e  mod i f i ca t ion  
of  t h e  theo ry  used t o  i n t e r p r e t  p a r t i a l  r e f l e c t i o n  d a t a .  
The o ther  problem i s  t h e  p o s s i b l e  d u c t i n g  of w h i s t l e r s  
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along the magnetic field by the scattering process. The 
discussions of these topics will be qualitative instead of 
quantitative because of the need for a more refined theory, 
different in each case, to accurately describe the important 
features e 
The partial reflection experiment is used as a means 
of measuring the electron density in the region 50-100 km 
(Belrose and Burke, 1964). The experiment consists of 
sending up a short pulse of one characteristic polarization 
and measuring the return echo and then doing the same 
for the other characteristic polarization. The ratio of 
the received poker of the exttaordinary mode to that of 
the ordinary mode is then related to the electron density 
1 
through a theory involving an assuqted collisional model. 
The frequency that is used in these experiments is around 
one megahertz which means that Y will be of significant 
value. 
The theory that is used to determine the density is 
an application of the isotropic scattering theory of 
Booker (1956) to a plasma in which collisions are, 
important and therefore there is l o s s .  Since the 
scattering theory developed here is for a lossless plasma 
with negligible collision frequency, it cannot be applied 
directly to the partial reflection problem. Instead of 
redoing the theory to make it applicable, the partial 
reflection theory will be simplified so that it may be 
8 2  
compared t o  t h e  s c a t t e r i n g  theo ry  developed here t o  
determine what t ype  of f a c t o r s  have been neglec ted  by t h e  
i s o t r o p i c  s c a t t e r i n g  theo ry .  
The theo ry  of  p a r t i a l  r e f l e c t i o n s  i s  presented  i n  a 
paper  by Flood ( 1 9 6 8 ) .  Equation 1 4  of  t h a t  paper  g i v e s  t he  
r a t i o  5 of  t h e  b a c k s c a t t e r  cross s e c t i o n s  of t h e  e x t r a -  
o r d i n a r y  mode t o  t h e  o r d i n a r y  mode fo r  t h e  quas i - long i tud ina l  
approximation as 
where 
r "  3 = 2g = 2ko n ki 
i 
r 
n = imaginary p a r t  of t h e  r e f r a c t i v e  index 
n = r ea l  p a r t  of t h e  refract ive index  
T = r a d a r  p u l s e  l e n q t h  
I n  t h i s  equa t ion  those  t e r m s  t h a t  depend upon ni are t h e  
r e s u l t  of  a b s o r p t i o n  due t o  c o l l i s i o n s  and are n o t  p r e s e n t  
i n  t h e  s imple plasma model used i n  t h e  development of t h e  
s c a t t e r i n g  theo ry  p resen ted  he re .  
T h e  va lue  of 5 us ing  t h e  s c a t t e r i n g  c r o s s  s e c t i o n  
developed here (given by equa t ion  3 . 3 . 5 )  f o r  self-mode 
s c a t t e r i n g  i s  
where t h e  C used here i s  for  t h e  r e f r a c t i v e  index n. I f  
t h e  imaginary p a r t  o f  t h e  r e f r a c t i v e  index  i s  sma l l ,  t h e  
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rea l  p a r t  w i l l  be e s s e n t i a l l y  t h e  same as f o r  t h e  lossless 
case. With t h i s  assumption, F lood ' s  t heo ry  g ives  t h e  
mod i f i ca t ion  t o  t h e  l o s s l e s s  t heo ry  t o  account  f o r  loss .  
Therefore  equa t ion  3.7.2 serves a s  t h e  c o r r e c t i o n  t o  t h e  
p o r t i o n  of  equa t ion  3 , 7 . 1  t o  account f o r  an a n i s o t r o p i c  
background medium. Using Flood's' c o r r e c t i o n  f o r  loss, 
equa t ion  3.7.2 becomes 
c r = F o F  3 e 7.3.(a) 
where 
+* = -t 2 
lax*M*a x I no sec2ao  I c0 I 
3 e 7 e 3Jb) 
+ * E +  2 F =  nx 2 sec2ax]Cx] laoeM-aol 
F i s  j u s t  t h e  r a t i o  of t h e  self-mode geometr ic  f a c t o r s  f o r  
t h e  e x t r a o r d i n a r y  mode and o r d i n a r y  mode. The f a c t o r  F 
given by equa t ion  3 .7 .3(b)  i s  only  approximate s i n c e  it 
w a s  de r ived  us ing  a c o l l i s i o n l e s s  plasma theory  which i s  no t  
v a l i d  i n  t h e  r eg ion  of  t h e  ionosphere of i n t e r e s t  h e r e .  
The mod i f i ca t ion  of F should n o t  be t o o  g r e a t  i n  so f a r  
as it depends upon t h e  r e a l  p a r t  o f  t h e  refractive index. 
Any a d d i t i o n a l  f a c t o r  i n  F due t o  t h e  imaginary p a r t  of  
t h e  re f rac t ive  index  would n o t  be such t h a t  it would make 
F closer t o  u n i t y ,  so F g iven  by equa t ion  3 .7 .3(b)  should 
g i v e  a reasonable  f i r s t  approximation t o  t h e  mod i f i ca t ion  
of F lood ' s  t heo ry  due t o  t h e  an i so t ropy  of t h e  background 
medium. 
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Due to the low-frequencies used in the partial 
reflection experiment, Y will have a significant value and 
therefore F can be significantly different from one. 
Belrose and Burke ( 1 9 6 4 )  used a frequency of 6.275 MHz 
for their experiments. This corresponds-to- a value of 
Y = 0.24 for the earth's magnetic field. For an electron 
density of N = lo4 electrons/cc, X = 0.142. The value of 
F can be obtained for longitudinal propagation from Table 
3.4.1. It is 
2 (1-x> (l+Y)+XY 
2 (l-X) (1-Y)-XY I' F = [  3.7.4 
With the above values of X and Y, F = 1.6.  Therefore even 
for these small values of X and Y,cr is underestimated by 
about 5 0 %  using the theory given by Flood. Since 6 MHz is 
a high frequency for a partial reflection experiment, the 
degree of error will be much worse for the frequencies 
usually used in this type of experiment. 
This addition to the theory of partial reflections 
causes another complication. . In the partial reflection 
experiment cr is measured from the data for different 
heights. At a low height the absorption is very small and 
so the density N can be determined. Thia N together with 
an assumed model for the collision frequency can be used 
to solve for the density N at a slightly higher height and 
so on. The new complication is that the factor F also 
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depends upon t h e  d e n s i t y  and t h e r e f o r e  makes- the  determina- 
t i o n  o f  t h e  d e n s i t y  more d i f f i c u l t .  
I n  t h e  p a r t i a l  r e f l e c t i o n  experiment on ly  t h e  self-  
mode s c a t t e r i n g  i s  cons idered .  Add i t iona l  in format ion  may 
be a v a i l a b l e  i f  cross-mode s c a t t e r i n g  i s  considered.  I n  
s e c t i o n  3 . 5  t h e  cross-mode s c a t t e r i n g  w a s  shown t o  be com- 
p a r a b l e  t o  t h e  self-mode s c a t t e r i n g  f o r  back s c a t t e r  i f  
t h e r e  i s  a s i g n i f i c a n t  d i f f e r e n c e  between t h e  r e f r a c t i v e  
index f o r  t h e  t w o  modes. 
I n  o r d e r  t o  do an a c c u r a t e  c a l c u l a t i o n  fo r  t h e  type  of 
plasma encountered i n  then p a r t i a l - r e f l e c t i o n  experiment t h e  
theory  developed h e r e  must be redone from t h e  s t a r t ,  A 
new Green ' s  f u n c t i o n  must be de r ived  a long  t h e  l i n e  of  t h e  
development of t h e  g e n e r a l i z e d  Appleton-Hartree formula 
given by Sen and Wylle (1960). C h a r a c t e r i s t i c  f i e l d s  
a p p r o p r i a t e  t o  t h i s  type  o f  plasma must a l s o  be used. The 
rest of t h e  theo ry  should proceed smoothly b u t ' a  new set  
of approximations w i l l  probably r e s u l t .  
The second a p p l i c a t i o n  concerns w h i s t l e r  propagat ion.  
Whis t l e r s  are manifested through a mode o f  r a d i o  propagat ion  
i n  t h e  upper ionosphere i n  which t h e  energy propagates  
n e a r l y  a long t h e  magnetic f i e l d  t o  t h e  o p p o s i t e  hemisphere. 
The w h i s t l e r  may bounce back and f o r t h  between t h e  t w o  
hemispheres several times. Whis t l e r s  o r i g i n a t e  from 
l i g h t n i n g  f l a s h e s  i n  t h e  atmosphere. The name w h i s t l e r  
comes from t h e  f a c t  t h a t  t h i s  mode i s  h igh ly  d i s p e r s i v e ,  
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so if a p u l s e  starts o u t  i t w i l l  q u i c k l y  be d i s t o r t e d  
w i t h  t h e  h ighe r  frequency a r r i v i n g  f i r s t  g i v i n g  a descending 
tone  i f  t h e  s i g n a l  i s  d e t e c t e d .  
The mechanism by which t h e  w h i s t l e r  i s  guided along 
t h e  magnetic f i e l d  l i n e  i s  n o t  d e f i n i t e l y  known. H e l l i w e l l  
(1965)  p r e s e n t s  an e x t e n s i v e  d i s c u s s i o n  on t h e  d u c t i n g  of 
w h i s t l e r s  by f i e l d - a l i g n e d  i r r e g u l a r i t i e s . '  The a p p l i c a t i o n  
of t h e  theo ry  p resen ted  here w i l l  show t h a t  s c a t t e r i n g  i n  
g e n e r a l  i n  an a n i s o t r o p i c  medium can c a u s e ' t h e  guid ing  o f  
w h i s t l e r s .  
The theo ry  of w h i s t l e r s  shows t h a t  t h e  minimum t i m e  
d e l a y  occurs  f o r  a frequency such t h a t  Y = 4 .  This  i s  t h e  
so c a l l e d  "nose frequency."  The d i s c u s s i o n  t h a t  fo l lows  
i s  f o r  t h i s  f requency.  
F igu re  3 .7 .1  shows t h e  r e f r a c t i v e  index and normalized 
Gaussian c u r v a t u r e  for a plasma w i t h  X = 4 0  and Y = 4 .  
For t h i s  plasma on ly  one mode propagates .  The obvious 
f e a t u r e  of  t h i s  r e f r a c t i v e  index s u r f a c e  i s  t h e  ve ry  s m a l l  
range o f  t h e  r a y  d i r e c t i o n  cen te red  about  zero degrees .  
The Gaussian c u r v a t u r e  f o r  t h i s  plasma (shown i n  s e c t i o n  
( b ) )  has  a ve ry  s m a l l  va lue  and goes through zero t w i c e ,  
The f i r s t  ze ro  corresponds t o  a p o i n t  of  i n f l e c t i o n  w i t h  
a r ay  d i r e c t i o n  of  seven degrees  and 0 = 32  deg rees  and 
t h e  second corresponds t o  a p o i n t  of i n f l - e c t i o n  w i t h  a r a y  
d i r e c t i o n  of zero d e g r e e s , a n d  8 = 55 degrees .  This  
second p o i n t  of i n f l e c t i o n  i s  t h e  impor tan t  one for t h e  
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(b) normalized cu rva tu re  
Figure 3 , 7 ,  P The refractive index and Gaussian cu rva tu re  
f o r  X = 40 .0  and Y = 4,0, 
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propagat ion  of w h i s t I e r s v e -  S ince  t h e r e  aye t w o - p o i n t s  o f  
i n f l e c t i o n ,  t h e  c o n t r i b u t i o n  t o  t h e  f i e l d  i n  a given 
d i r e c t i o n  may come from as many as t h r e e  saddle p o i n t s ,  
The f i r s t  s add le  p o i n t  ex tends  from 8 = O o  t o  8 = 32O wi th  
r ay  d i r e c t i o n s  from p = O o  t o  p = 7 O .  The second s a d d l e  
p o i n t  ex tends  from 8 = 32O t o  8 = 55O w i t h  p = 7 O  t o  
p = O o .  T h e  t h i r d  sadd le  p o i n t  ex tends  from 8 = 55" t o  
8 = 7 4 O  w i t h  p = 0 t o  p = 343O. T h e  r e f r a c t i v e  index w a s  
t e rmina ted  a t  a va lue  of 1 0  f o r  c l a t i t y  of  p r e s e n t a t i o n .  
F igu re  3.7.2 shows t h e  geometr ic  f a c t o r  f o r  
s c a t t e r i n g  from a wave i n c i d e n t  a long t h e  magnetic f i e l d ,  
which i s  zero degrees  i n  t h e  f i g u r e ,  v e r s u s  t h e  
scattered r a y  angle .  The i n c i d e n t  mode i n  t h i s  f i g u r e  i s  
t h e  f i r s t  one f o r  which 8 = O o .  Sec t ion  a shows t h e  self 
mode geometr ic  factor .  I t  goes t o  i n f i n i t y  a t  a r a y  angle  
of seven degrees .  This  i s  due t o  t h e  p o i n t  of  i n f l e c t i o n  
a t  8 = 32O which has zero Gaussian cu rva tu re .  Near t h i s  
p o i n t  t h e  Green ' s  f u n c t i o n  used he re  i s  n o t  v a l i d  and a 
more r e f i n e d  theo ry  must be used as w a s  mentioned i n  s e c t i o n  
2.5 i n  connect ion w i t h  van i sh ing  Gaussian cu rva tu re .  
Sec t ion  b a l so  shows t h i s  c o n d i t i o n  as w e l l  as a s i m i l a r  
c o n d i t i o n  a t  8 = 55O. A t  t h i s  p o i n t  of i n f l e c t i o n  t h e  
r a y  ang le  i s  zero degrees .  S e c t i o n  c shows t h e  s h a r p  rise 
a t  zero degrees  and ano the r  a t  17 ' .  The l a t t e r  one arises 
from t h e  asymptot ic  behavior  of t h e  r e f r a c t i v e  index.  
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Figure 3,7.2 The geometric factor for a plasma with 
X = 4 0 - 0  and Y = 4.0, 
(a) self mode 
(b) second stationary point 
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This  f i g u r e  i n d i c a t e s  t h a t  t h e r e  are t h r e e  beams 
which guide  t h e  s c a t t e r e d  energy.  The magnitude o f  t h e  
beam n e a r  17' i s  wrong s i n c e  t h e  co ld  plasma theo ry  used 
here i s  i n v a l i d  and a w a r m  plasma theo ry  has  t o  be used, 
Even w i t h  t h e  w a r m  plasma model t h e  f i e l d s  from t h i s  beam 
w i l l  dec rease  as r-Ie The o ther  two beams are a s s o e i a t e d  
wi th  p o i n t s  of i n f l e c t i o n  and therefore, as w a s  d i scussed  
i n  s e c t i o n  2.5 t h e  f i e l d s  w i l l  dec rease  as r which 
makes t h e s e  t w o  beams ve ry  impor tan t  f o r  l a r g e  d i s t a n c e s ,  
- 5/6 
T h i s  work shows t h a t  t h e r e  i s  a mode of  propagat ion  
which w i l l  gu ide  t h e  energy a long  t h e  magnetic f i e l d .  I f  
t h e  same computations are made f o r  i n c i d e n t  r a y s  i n c l i n e d  
t o  t h e  magnetic f i e l d  t h e  same beams appear w i th  
e s s e n t i a l l y  t h e  same va lues  e 
For p = 0 t h e r e  i s  ano the r  s t a t i o n a r y  p o i n t  g iven  by 
8 = 55O. T h e  above d i s c u s s i o n  shows t h a t  t h e  curves  f o r  
t h i s  wave have t h e  same shape as F igure  3.7.2 and approx- 
ima te ly  t h e  same magnitude. Therefore  t h a t  f i g u r e  can be 
used f o r  t h i s  wave as w e l l  b u t  now s e c t i o n  b i s  t h e  s e l f  
mode term. Thus t h e  s e l f  mode t e r m  has  a beam along t h e  
magnetic f i e l d ,  
For t h e  forward scatter case t h e  spectrum i s  g iven  by 
where t h e  s and i refer 
t h e r e  i s  only  one mode, 
t o  s t a t i o n a r y  p o i n t s  only s i n c e  
I f  s = i, @ i s  a maximum and. 
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and e q u a l  t o  1. Therefore  t h e  s c a t t e r i n g  cross s e c t i o n  
depends only  on t h e  geometr ic  f a c t o r  and t h e  mean square  
va lue  of t h e  f l u c t u a t i o n s  b u t  no t  on t h e  c o r r e l a t i o n  
l e n g t h  of t h e  f l u c t u a t i o n s .  For t h e  cross mode t e r m s  
( s  # i) t h e  s c a t t e r i n g  cross s e c t i o n  a l so  depends ve ry  
s t r o n g l y  on t h e  r a t i o  of  t h e  c o r r e l a t i o n  l e n g t h  t o  t h e  
wavelength i n  t h e  medium. Therefora  t h e  c r o s s  mode terms 
depend upon t h e  average s i z e  o f  t h e  i r r e g u l a r i t i e s  doing 
t h e  s c a t t e r i n g .  
The above d i s c u s s i o n  i n d i c a t e s  t h a t  s c a t t e r i n g  from 
i r r e g u l a r i t i e s  may be a mechanism f o r  gu id ing  w h i s t l e r s  
a long t h e  f i e l d  l i n e s .  A more a c c u r a t e  theo ry  would have 
t o  be used i n  o r d e r  t o  o b t a i n  meaningful numbers f o r  the 
beam d i r e c t i o n s  p = O o  and p = 7' .  This  theo ry  would have 
t o  account  f o r  t h e  case of vanish ing  Gaussian cu rva tu re  by 
us ing  t h e  t h i r d  d e r i v a t i v e  of t h e  r e f r a c t i v e  index s u r f a c e  
i n  t h e  d e r i v a t i o n  of  t h e  Green ' s  dyad ic .  I f  r e s u l t s  f o r  
t h e  beam a t  p = 1 7 O  are d e s i r e d  a w a r m  plasma model must 
be used. 
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CHAPTER I V  
THE RADIO. STAR PROBLEM 
4 . 1  In t roduc t ion  
The r a d i o  s ta r  .problem has..a .geometry- e s s e n t i a l l y  t h e  
same as t h e  forward scatter pxobl.ern.considered:-h Chapter 
111, wi th  an i n f i n i t e  slab r ep lac ing  t h e  s c a t t e r i n g  volume. 
T h e - t r a n s m i t t e r  i s  l o c a t e d  far-above t h e  s l a b  and t h e  
r e c e i v e r  i s  l o c a t e d  f a r  below t h e  s l a b  so t h a t - . t h e  s i g n a l  
propagates  through - t h e  s l a b ~ ~ o f . i r r e g u l a ~ i t i e s ~ -  .The longi -  
t u d i n a l  c o r r e l a t i o n  of t h e  e lectr ic  € i e l d  i s -  t h e  q u a n t i t y  
of i n t e r e s t  i n  t h i s  chapter .  1 n . t h i s  problem. there  i s  no 
r e s t r i c t i o n  on t h e  s i z e  of t h e  antenna beam f o r  e i t h e r  t h e  
t r a n s m i t t e r  o r  t h e  r e c e i v e r .  
This type  of problem occurs  i n  t h e  r ecep t ion  olf s i g n a l s  
from e a r t h  s a t e l l i t e s  or r a d i o  stars on t h e  surEace of t h e  
e a r t h .  It may a l s o  h a v e  a p p 1 i c a t i o n s . h  labezakory plasma 
d iagnos is .  
4 2 The Longi tudinal  -CarreLation-.of -the -Eleekric- .Piefd 
The geometry f o r  t h e  r a d i o  s t a r  problem-is  shown i n  
f i g u r e  4,2,1. A t r a n s m i t t e r  T i s  loca ted  a t - t h e  o r i g i n  
0 of t h e  coord ina te  system, A c h a r a c t e r i s t i c  wave wi th  a 
group v e l o c i t y  i n  t h e  d i r e c t i o n  ?'is s c a t t e r e d  from a p o i n t  
A 
-%-I 3 
r and t r a v e l s  t o  t h e  r e c e i v e r  R,  l oca t ed  a t  r r  wi th  a group 
A 
v e l o c i t y  i n  t h e  d i r e c t i o n  R. The u n s c a t t e r e d . - e l e c t r i c  f i e l d  
has a group v e l o c i t y  i n  t h e - d i r e c t i o n  The slab of  
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The geometry of -  t h e  raL.,a.-.star prG,lem 
i r r e g u l a r i t i e s  i s  bounded by t h e  c o o r d i n a t e s - z  = a and 
z = a + b .  
The s c a t t e r e d  electric f i e l d .  at. t h e  x e c e i v e r .  i s  given 
by equat ion  2 .2 .6  as 
L e t  t h e  i n c i d e n t  f i e l d  be  a c h a r a c t e r i s t i c  wave given by 
3 3  3 exp(-jZi Z ) / r  
Ei (r) = A, ai 4 . 2 . 2  
j. 
where A, i s  t h e  amplitude of t h e - i n c i d e n t  wave and hi and ki 
are t h e  c h a r a c t e r i s t i c  wave parametems a s s o c i a t e d  wi th  t h e  
r ay  d i r e c t i o n  r .  The asymptot ic  Green 's  func t ion  i s  given 
A 
by equat ion  2.5,4 as 
9 4  
-+ - + +  - - + - +  1 * exp[.-jks ( r - r ' ) ]  r (r lr l)  = 4n 1 ds as as - + 3  
+ +  ' ks sec a s d m  Ir-r' I 
A f t e r  s u b s t i t u t i n g  t h e s e  i n t o  equat ion  4,2.1 
Again t h i s  equat ion  i s  a very compl ica ted- func t ion  of +. r 1 , 
s i n c e  t h e  parameters-  assoc ia tedwi th  the- . -chaEacter i s t ic  
waves are f u n c t i o n s  of t h e % x a y  d i r e c t i o n s ,  Therefore  some 
approximation.wil1.be necessary.  
M o s t  of. the .  s ca t t ezed .  radLzatimn 9 w i l : l  come from t h e  
f i rs t  F resne l  -zone, The re fme  if. t h e  :angular -width of the 
f i r s t  Fresnel, zone, measured at khe t r a n s m i t t e r  and r e c e i v e r ,  
i s  smal l ,  then t h e  .waue-.pastarnekers can be assumed t o  be 
cons t an t  wi th  respeek to, i n  equatkon .4,2,3, For an i so -  
t r o p i c  medium t h e  radius:.oZ thes.Zil=st F r e s n e l  zone i s  given 
by rf = 
t o  t h e  p lane  conta in ing  t h e  s c a t t e c e r *  Therefore  ' t h e  
where . A b  is, the. wavelength and .Z is  t h e  d i s t a n c e  
angular  width of t h e  f i rs t  F resne l  zone i s  4 = 2 t a n - l w .  
I f  t h e  d i s t a n c e  Z i s  l a r g e  i n  t e r m s  of wavelengths,  then $f 
i s  s m a l l  and t h e  above approximation i s  v a l i d ,  More w i l l  be 
s a i d  about  t h i s  l a t e r .  
f 
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3 3  3 If the above condition is met then dst air as, git kst 
and Cs are approximately independent of e Equation 4.2,3 
then becomes 
3 .-t 3 exp -j(kj . r" + ES . R) d;' 4,2.4 
As is usual in problems of this type, remove the large 
portion of the phase due to the direct path by dividing 
equation 4.2.4 by E o ( r )  = A. exp (-jki e r)/r. If this is 
done the total received field ET(Z) can be written as 
3 -t 3. 
3 3 3 3. 
ET(') = Eo (r) (1 3. Fi) ai + Fs as] 4.2.5 
(SJ ES In writing equation 4.2.5, the where Fs = 'm . 
scattered field is assumed to be composed of a single self- 
0 
scattered field and a single cross-scattered field. The 
possibility of more than one saddle point that contributes 
to the field is not taken into account. The inclusion of 
this possibility is easy at this stage but its interference 
effect is difficult to untangle later on. 
Now consider 
Fs = AsIs 4.2.6a 
where 
- +- 3  
ki ds (as*" M e ai) 
A = -  4.2.6b 
4rks sec as dm - -s 
and 
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r 
r'R 
I s =  1 -  AX(;! )  exp {-j  ki (rp-r) cos ai 
9 ks R cos a s ] )  drP 
where a is the angle between the propagation vector 
the ray path, and I: and Is are the respective real 
imaginary parts of Is" 
i 
4.2.6~ 
-+ k and 
and 
The quantities of interest here are the in phase and 
quadriture phase components of F. These quantities are just 
the log amplitude and phase departure of the wave if the 
background medium is isotropic. Equation 4.2,6a can be 
separated into an in phase component FE and a quadriture 
phase component F,, These are given by 
As real 
A imaginary 
A, real 
A imaginary 
S i 
Fq S = [ - r  
]As Is S 
-]As Is S 
Fp = iA  
A, I: 
4.2,7a 
4.2,7b 
since As is either real or imaginary as ds is real or imaginary, 
The correlations among Fp and Fq can now be expressed as 
correlations among the integrals Is" The correlation of Fp is 
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where one of the alternatives i s  chosen depending upon 
whether, As and At are both real, 8, is real and At is 
imaginary, As is imaginary and At is real or As and At are 
both imaginary. r and r are the locations of the two 
receivers. It is implicitly assumed that I and r are not 
too far apart so that A S ( S 1 )  and AS(rp) 
be equal. 
+ + 
1 2 
+ -+ 
1 2 
+ 
can be assumed to 
The correlation of Fq is 
The cross correlation between Fp and Fq is 
4.2.833 
4.2.8~ 
The fact that these integrals are expressible in terms of 
four integrals is obvious, Define these integrals as 
4.2,9a 
4.2,9b 
4,2,9c 
4.2.9d 
Using equation 4.2-6c 
where 
4,2.10a 
4.2.10b 
T = k. (rs-r ) cos ai + k R cos as 4.2.10~ 
1 1 1 1  s 1  
Substituting these into equation 4.2.9a, it becomes 
r r  3 - t  
I' = //r,riR2R <AX(g')AX(;')> cos T cos T dr'dr' 
1 1 2 1 2 1 2  
1 2 1 2  
3 -t 
AS in Chapter 111, assume <AX(r )AX(; ) > =  +(Ax)%~($~-r~). 
1 2 2 1  
Thus 
-. 
+ cos(T + T2) ]d;'d:' 
1 1 2  
4 2 .lla 
similarly 
r r  
COS (T -T ) 
1 2  
<(AX)2> 11 
r'r'R R 2 1  
B 2 8 ' 2  
2 I =  2 
- cos(T 1 + T 2 ) ]d;'d;' 1 2  4.2.11b 
+ sin (T 9 T 4.2, llc 
1 2 
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Y Y  
- sin (T + T 4.2.11d 
1 2 
These equations can be expressed in terms of two fundamental 
integrals 
Therefore equations 4.2.11 can be written as 
1'= <(AX) 2> (Ir + Ir)/2 
1 1 2 
I' = < (Ax) 2> (Ir - Ir)/2 
2 1 2 
1'= -<(AX)2>(Ii + Ii)/2 
3 1 2 
4.2.12a 
4.2.12b 
4.2.13a 
4.2.1333 
4.2.13~ 
1'= <(AX)2> (Ii - fi)/2 4.2.13d 
The problem is therefore reduced to the solution of the two 
integrals I and I . 
4 1 2 
1 2 
Now consider the distances r, r', and R involved in 
equations 4.2.12. In general correlations transverse to the 
z axis lead to equations which are very complicated and 
therefore they will not be included. If the scattered mode 
is the same as the incident mode transverse correlations are 
possible but the mathematics is similar to the isotropic case 
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and so it will be discussed in section 4.3, From now on it 
will be assumed that the two receivers are situated on the 
z-axis (see Fig, 4.2.1), Correlations from these two re- 
ceivers are sometimes referred to as longitudinal corre- 
lations, Therefore assume that r is given by z + 2 where 
z > > Z .  The distance r n  is given by ( x f 2  + y'2 + z I 2 ) l h a  The 
Fresnel approximation (Chernov, 1960, section 18) can be 
applied to this because z '  is given by a plus some distance 
in the slab, and this distance together with xs and y' are 
much smaller than a by a previous assumption, Thus 
rl = 2 ' 2  [1 + (x12+yt2)/z]1~ 
r' = z '  + (xt2+ yg2)/2zg 4.2.14 
The same approximation can-be used on the distance R since 
the same statement can be made about c as was made about a 
(see Fig. 4.2.1). Thus 
R N 2 + z - Z '  + (x"+Y")/~(z - z ' )  4.2.15 
With these equations the phase T can be put into a 
simpler form. 
ki(rs-r)cos ai + ks 31 cos as =(kscosas -kicosai) ( Z + z - z ' )  
1 + [kicosai + (kScosas - kicos ai) zs/z 
Def ine 
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6 = ks COS a - ki COS ai 4,2.16 
P = ki COS ai + 6z'/z 4.2,17 
Q = 6 ( Z  + - 2 ' )  4,2.18 
3 = z ' ( z  - zl)/z 4.2.19 
With these definitions 
T = ki (r'-r) cos ai + R cos as = P(x"+yP2)/2:<. + Q 
S 
The distances which appear in the aitiplitude portion of 
equation 4.2.6~ can be approximated by the largest part of 
the approximations given here. Thus 
r/r'R = z/z'(z-z') = l / 3 .  4.2.21 
Using these approximate relations, equations 4.2.12 
can be written as 
exp j (Tl- T ) d;' dzl 
2 1 2 
4.2.22a 
4.2.22b 
where T is given by equation 4.2.20. These integrals are 
best evaluated in the coordinate systems called relative and 
center of mass coordinateso The details of this transforma- 
tion are given in appendix A3. Equations 4,2.22 can be 
-fjB(r8) exp 2 1  2f t; [(a'-~i)~+(B'-e Y - '  ) 21 I  5 P - GLP2 written as 
1 2  
r . 5 .  1 
1 2  
P P  
1 0 2  
21 I -  \1B('9) .exp j I z 2 p 1 + 5 1 p 2  22; C. [ (a'-&;) 2 + ( B ' - & + )  Y1 2  2 r. 5 1 2  
P P  4 ,2 ,23b 
1 2  + (*"+y") +Q +Q 1 da 'dB'dyVdZv 
1 2  
2 1  1 2  
The a' and B '  i n t e g r a l s  of I and I have t h e  form 
1 2 
I = 1 expr  j H  (x- E ) ~ ]  dx 
-00 
00 
= 2 I exp j H C 2  dC 
0 
From Dwight (1961)  equat ion  858.560 
Using equat ion  4 . 2 . 2 4 t  I and I can be w r i t t e n  a s  
1 2 
P P  
1 2  ( X *  2+yd 2, 
B ( 2  1 
2 exp' { j [  2 ( r \  P +< P I = j 2 T j 1 1 ,  2 1  P +r. 1 2  P 
2 1  I ?  
4.2.25b 
Fur the r  i n t e g r a t i o n  of equat ions  4.2.25 r e q u i r e s  a 
knowledge of t h e  c o r r e l a t i o n  func t ion  f o r  t h e  f l u c t u a t i o n s .  
I n  a magneto-plasma such a s  t h e  ionosphere t h i s  c o r r e l a t i o n  
func t ion  i s  observed t o  be a n i s o t r o p i c ,  i n  t h a t  t h e  corre-  
l a t i o n  l eng th  along t h e  magnetic f i e l d  i s  d i f f e r e n t  from 
t h e  c o r r e l a t i o n  l eng th  t r a n s v e r s e  t o  it. S ince  t h e  magnetic 
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field can make an arbitrary angle with the plane of the slab, 
this correlation function will be very complicated function 
of the relative coordinates, the correlation lengths and the 
geometry. This complicates the integration so much that a 
closed form solution for the z related integrals does not 
seem possible unless a very restrictive assumption is made. 
For this reason a much simpler correlation function will be 
used. The correlation function will be assumed to be an 
isotropic Gaussian correlation function with correlation 
length A. That is 
As required by the reasons given in Chapter 111, we assume 
R<<b. 
With this correlation function the x' and y' inkegra- 
tions of equations 4.2.25 have the form 
a, 
I = 1 exp[- 1/R2 +jH)x2] dx 
-03 
From Chernov (1960) the footnote on page 101, 
I = /T/(l/A2+jH) 
Using this result in equations 4.2.25, I and I become 
1 2 
4.2.27a 
4.2.27b 
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Now consider the case when tfs, If tfs then t=i and 
therefore from equation 4,2,18 Q = 0, since 6 =O. There- 
fore the phase portion with respect to y '  of equations 4,2.27 
2 2 
is just exp(-jBy*)). The rest of the integrals is a com- 
plicated function of y ' .  This function will be slowly 
varying compared to the phase term above because a< - y ' <  - a+b 
where a is large compared to b. Therefore as a first 
approximation the y '  integration becomes 
If the differential phase across the slab Bb is large this 
integral is negligibly small. For the cases of interest here 
this will be true and therefore tfs gives a result which is 
very small compared to the case t = s.  This implies that 
the scattered self mode and cross mode are weakly correlated 
if the differential phase shift across the slab is large, 
Therefore in the work that follows we restrict ourselves to 
the case t = s.  
P,  Q, and 3 in 4.2.27 are functions of z '  and y ' .  The 
calculation of the explicit dependence on z '  and y '  of the 
various terms in equations 4,2.27 are carried out in 
appendix A3. Equation A3.12 gives 
' c b, Because of In this equation a - c y B  - < a+b and -b z a 
the weighting factor exp(-z' 2/R2)6 the integration with 
105 
respect t o  zs i s  expected t o  come main ly  from l z ' I < R < < a .  
Hence, 2 ' / 2  can be ignored when compared t o  y ' *  T h e r e f o r e  
t h e  above equat ion  can be approximated by 
., 
< P - < P =  lkiCOS ai (1-2y"z) 6 (yP/z)  2 1  z @  4 . 2 . 2 8  
2 1  1 2  
E q u a t i o n  A3  e 13 g ives  
5 2 P 1 + 5 1 P 2 =  2 z { k i c o s  ai [yyz - ( y ' / z )  2 -  (z' / 22 )  2 ]  
+6 Cl-y/Z) [ (y'/Z) 2 - ( Z ' / 4 Z )  2 1  1 
If 2'/2 i s  ignored compared t o  y ' #  t h i s  equat ion  becomes 
5 2 1  P + 5  1 2  P = 2 ( k i c o s a i  + 6y'/~) (1- y ' / ~ ) y '  4 . 2 . 2 9  
E q u a t i o n  A 3 , 1 4  g ives  
P P = ( k , c o s  a: + 6y'/~) 2 - 6 2 ( 2 ' / 2 2 )  
1 2  
which can 
P P  
1 2  
A l s o  f r o m  
Q 1  + 
Equations 
I =  
1 
I .L 
be approximated by 
=(kicos ai + 6 y ' / ~ ) ~  
appendix A3 equat ions 1 0  and 11 
Q = 6 ( z '  + 22) 
2 
Q = 2 6 ( 2 -  y ' )  
2 
4 . 2 , 2 7  can then  be w r i t t e n  as 
j4.rr2 e x p ( j 2 6 z I a r  3 
a -b 
exp (-zi2/R2 + j S z * )  d z ' d y '  
4 . 2 . 3 0  
4 . 2 . 3 1  
4 . 2 . 3 2  
4 2 . 3 3 a  
exp - ( z d 2 / R 2  + j 2 6 y ' )  d z ' d y '  4 2 e 33b 
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Next consider the integration over Z I  in equations 
4.2,33, The zs integrations of these equations can be 
extended to since 
terms of correlation 
b>>R, that is the slab is thick in 
lengths, Therefore the z '  integration 
of I has the f o r m  
1 
03 
Now transform the coordinate to 5 = z'/R - jR6/2 to get 
where 
In order to put this equation into the form desired sub- 
stitute -5 for 5 to get 
If the pole of the integrand does not lie between jR6/2 and 
the real axisp the path of integration can be deformed to 
-W w+jR6/2 
since no singularities will be f + I  + f  03 
-a+ j RP2 - 
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crossed .  That  t h i s  i s  p o s s i b l e  f o r  a11 cases i s  shown i n  
appendix A4. A t  r e a l  5= +a t h e  in t eg rand  i s  zero,  so two - 
of t h e  i n t e g r a l s  are zero  and I becomes 
00 
I =-(R2/2p) e ~ p [ - ( R 6 / 2 ) ~ ]  1 exp'-52) d t  
-00 5 -  j v  
where P ( C )  i s  t h e  plasma d i spe r son  func t ion  degined by F r i e d  
and Conte ( 1 9 6 1 ) .  The plasma d i s p e r s i o n  func t ion  i s  r e l a t e d  
t o  t h e  e r r o r  func t ion .  From equat ion  4.2.33a 
(ki cosai + S ~ ' / Z ) ~  
v = k [ ki cosai (1-2.$'/2) - 6 ( y ' / Z l T  + 61 4 . 2 ~ 3 4 a  2 
Thus 
The i n t e g r a t i o n  over  z s  i n  I i s  very s imple s i n c e  only t h e  
exponent ia l  i s  a func t ion  of z s o  Therefore  from Dwight 
( 1 9 6 1 )  equa t ion  860 .11  
2 
I = j 4 1 ~ 5 ' 2 ~  exp ( j 2 6 z )  
4 .2  a 34c 2 
exp ( - j 2 S y ' )  "ib (kicosai + 6y'/z) ( 4 y ' / R L )  ( l - y f / / z )  - j (kicosai+6y'/z) dY 
a 
The remaining i n t e g r a l s  are those  over  t h e  th i ckness  of 
t h e  s l a b  f o r  t h e  c e n t e r  of mass coord ina te  y s e  A s  i s  usua l  
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i n  t h i s  type  of problem they  are complicated f u n c t i o n s  of 
y ’  and t h e r e f o r e  a f u r t h e r  approximation i s  necessary .  
Numerical i n t e g r a t i o n  of  t h e s e  equa t ions  i s  p o s s i b l e  b u t  
t h a t  i s  t o o  s p e c i a l i z e d .  
I f  t h e  s l a b  i s  very  t h i n  compared t o  t h e  d i s t a n c e s  from 
t h e  t r a n s m i t t e r  a and from t h e  receiver c then  y w  is  approx- 
imate ly  c o n s t a n t  i n  t h e  magnitude p o r t i o n s  of t h e  i n t e g r a l s .  
This t h i n  s l a b  model i s  t h e  u s u a l  approximation made t o  
s i m p l i f y  t h e  f i n a l  i n t e g r a t i o n .  Therefore  assume t h a t  
w y ’ ”  y = a +b/2 i n  t h e  ampli tude t e r m s  of equat ions  4.2.34. 
From F r i e d  and Conte (1961)  t h e  plasma d i s p e r s i o n  
f u n c t i o n  f o r  a p u r e l y  imaginary argument can be w r i t t e n  as 
P ( j y )  = j Jsi- exp ( y 2 )  e r fc  (y)  
where e r f c  ( y )  i s  t h e  complementary error func t ion  of y and 
y i s  real .  
Thus I can be w r i t t e n  as 
1 
4.2.35 
where 
(ki cosa + S ? / Z ) ~  
ki c o s a i ( l - 2 ~ / z )  - 6 (p/z) 2 + 6  - . R  i v = -  2 
I can be w r i t t e n  as 
a+b 2 j4,rr5’”? R exp ( j 2 6 z )  
I =  2 (kicosai+6y/z) (4p/RZ) ( l - p / z )  - j  (kicosai+6y/z)‘ 2/&-326y‘ dy’ 
a 
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j4.rrV2Rb exp[ j2$  ( z - y )  I s i n  6b 
(kicosai+6y/z) (49/R')  ( l - y / z )  - j  (kicosai +6p/z) 6b 
Now cons ide r  s in(Sb)/Bb.  Sb i s  t h e  d i f f e r e n t i a l  phase be- 
tween t h e  i n c i d e n t  mode and t h e  o t h e r  mode of t h e  plasma 
ac ross  t h e  s l a b .  This phase s h i f t  was assumed t o  be l a r g e  
when d i s c u s s i n g  t h e  c o r r e l a t i o n  between two d i f f e r e n t  
s c a t t e r e d  modes. Therefore  i f  s#io I i s  very small .  An 
examination of equat ion  4.2.35 shows t h a t  un le s s  t h e  d i f f e r -  
e n t i a l  phase s h i f t  i n  a c o r r e l a t i o n  l eng th  6R i s  l a r g e  , I 
has an apprec i ab le  value f o r  t h e  case s#i. Thus 
j47r&Rb 1 
I =  2 ki'cosLai 6 s , i  4 . 2 . 3 6  
i where 6 s , i  i s  t h e  Kronecker d e l t a  and D(7) = 4 7 ( Z - p ) / R 2 Z  ki cosa 
i s  t h e  dimensionless  wave parameter used by o t h e r  au tho r s  
(Chernov, 1 9 6 0 )  
Now t h e  c o r r e l a t i o n s  among Fsp and Fsq can be obta ined .  
Combining equat ions  4 . 2 . 8 ,  9 ,  and 13  t h e s e  c o r r e l a t i o n s  be- 
come 
<FE (g) F: (r + ) >  = < ( A X )  2 > ( A  / 2 [ I r ( Z )  + d21r] /2 .  
2 s 1  s 2  
4,2.37a 
4,2,37b 
<Fq (Z1)F: (r + ) >  = <(AX)2>I AsI2 
S 2 
i s  given by (see equat ion  4,2,4b)  
IAS/ 
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I f  t h e  r e f r a c t i v e  index  s u r f a c e  i s  convex t o  t h e  r a y  vector, 
d i s  rea l  and i f  t h e  s u r f a c e  i s  concave t o  t h e  r a y  vector, 
ds i s  imaginary,  
S 
From equa t ion  4.2,35 
3 2  exp ( G 2 )  e r f c  (VT) 
2 k .   COS^ (1-27/2) -6  ( Y / z )  I ( 2 )  = 27~ R b exp[-(R6/2)2]  
1 i 1 
[ c o s ( 2 6 2 )  + j s i n  ( 2 6 2 ) l  4,2.39a 
where 
From equa t ion  4.2.36 
s , i  
1 = -  
2 
4 e 2.39b 
where 
Equat ions 4.2.37, 38 and 39 comprise t h e  r e s u l t s  of t h i s  
section. They w i l l  be d i s c u s s e d  i n  d e t a i l  i n  t h e  n e x t  
sec t ion .  
4.3 Discuss ion  of  t h e  R e s u l t s  
F i r s t  cons ide r  t h e  f a c t o r  exp [ - ( R 6 / 2 )  '3 which appears  
i n  equa t ion  4,2.39a. I t  can be  expressed as 
exp [ - ( ~ 6 / 2 )  '1 = exp [-,rr2 (il,cosas -nicosai) 2 2  R /?-'I 
4p 3 D 1 
where X i s  t h e  f r e e  space  wave l eng th ,  
i s  ve ry  s m a l l ,  (Zs M 
d i s c u s s i o n  i n  connect ion w i t h  f i g u r e  3.4,3)  I and t h e r e f o r e  
I f  (nscosas-~icosai)  
* 4 ai) w i l l  a lso be s m a l l  (see t h e  
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(nscosas - ( n . c o s a . )  w i l l  have some apprec iab le  va lue  i f  
cross-mode s c a t t e r i n g  i s  s i g n i f i c a n t ,  I f  t h i s  i s  t h e  case ,  
1 1 
equat ion  4.3.1 shows t h a t  cross-mode s c a t t e r i n g  i s  h igh ly  
dependent upon t h e  d i f f e r e n t i a l  phase s h i f t  i n  one corre- 
l a t i o n  l eng th  6R. 
I f  t h e  d i f f e r e n t i a l  phase s h i f t  i n  a c o r r e l a t i o n  l eng th  
i s  l a r g e ,  equat ion  4 . 2 . 3 9 a  can be s i m p l i f i e d .  The above 
d i s c u s s i o n  shows t h a t  f o r  t h i s  ca se  I i s  n e g l i g i b l y  s m a l l  
1 
un les s  s = i, and t h e r e f o r e  t h e r e  i s  no cross-mode 
s c a t t e r i n g .  A f u r t h e r  consequence of t h i s  i s  t h a t  s i n c e  I 
depends upon 62, t h e  f i e l d s  a r e  c o r r e l a t e d  i n  t h e  z d i r e c t i o n  
1 
i f  6 i s  zero and t h e r e f o r e  equat ions  4.2.37 reduce t o  equa- 
t i o n s  f o r  t h e  mean square values .  I f  6 = 0 
4 ~ r & R b  ~- 
I =  fi 6 exp(G2) e r f c  (GI 
1 ki COS ai 4.3.2 
where = [ ~ z n ~ c o s a ~ / ( z - 2 ~ )  I ( & / A ) e I n  t h e  case  being 
considered he re  c>>l and from Abramowitz and Stegun (1964)  
Therefore  f o r  R / A > > l  
I 1 = 4~r’~Rb/k; cos2ai  
I f  t h e  r e f r a c t i v e  index s u r f a c e s  are e l l i p s e s ,  di i s  r e a l ,  
Combining equat ions  4-2.37, 38 ,  39b and 4.3.3 
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Equations 4.3.4 a and b .  compare favorably  wi th  t h e  
equat ions  f o r  t h e  log ampli tude <S’> and t h e  phase depa r tu re  
<Q’> of Yeh and Liu ( 1 9 6 7 )  and reduce t o  t h e  same values  for 
an i s o t r o p i c  medium. 
Two s p e c i a l  cases can be considered here .  I f  D>>1 
equat ions  4,3.4 reduce t o  
Here i n  phase and q u a d r i t u r e  phase components have t h e  same 
mean square  value. I f  D C g l  equat ions  4.3.4 become 
4 e 3 6;a 
4 ,3 ,6b 
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< ( A X )  2>fi ktRb E 
<Fp = - (Z$.Me8i) D ( 7 )  4 . 3 . 6 ~  
8n: IC, I i 
I I 
I n  t h i s  case t h e  c o r r e l a t i o n  of  t h e  out  of phase f i e l d s  i s  
much g r e a t e r  t han  t h e  c o r r e l a t i o n  of  t h e  i n  phase f i e l d s .  
I n  order t o  see t h e  v a r i a t i o n  of equa t ions  4.2.37 as a 
f u n c t i o n  of 8 ,  t h e  ang le  t h e  magnetic f i e l d  makes w i t h  t h e  
u n s c a t t e r e d  r a y  p a t h ,  cons ide r  t h e  plasma shown i n  f i g u r e  
4.3.1, I n  t h i s  case X = 0 . 2 5  and Y = 0.15  were chosen t o  corre- 
spond t o  t h e  e a r t h ' s  ionosphere  i n  t h e  F r eg ion  a t  approximately 
1 0  Mhz. Choose t h e  geometry such t h a t  a = 450 km, b = 50 k m  
and C = 500  km. The mean square  f l u c t u a t i o n  of X i s  g iven  
by [<(AX)2>/X2] v2 = 0.01 .  
s c a t t e r i n g  t h e  c o r r e l a t i o n  l e n g t h  must be approximately equa l  
t o  t h e  f r e e s p a c e  wavelength,  t h e r e f o r e  chose R = 30 m. I f  R 
i s  ve ry  l a r g e  t h e  prev ious  d i s c u s s i o n  shows t h a t  t h e  ampli tude 
of  t h e  s e l f  mode t e r m s  w i l l  be inc reased  b u t  t h e r e  w i l l  be 
no cross-mode s c a t t e r i n g .  Using t h e  above v a l u e s  D E  6000  
which i s  t h e  f i r s t  case cons idered  above, t h e r e f o r e  <FE2> = 
<FqS2>* F igure  4.3.2 shows t h e s e  mean squa re  va lues .  The 
self-mode t e r m s  are shown i n  s e c t i o n s  a and d and are 
s i m i l a r  i n  shape t o  t h e  curves  f o r  small  X and Y d i scussed  
i n  Chapter 3. The o r d i n a r y  mode i n c r e a s e s  as t h e  magnetic 
f i e l d  becomes pe rpend icu la r  t o  t h e  r a y  pa th ,  wh i l e  t h e  
e x t r a o r d i n a r y  mode does j u s t  t h e  oppos i t e .  The cross-mode 
t e r m s  are shown i n  s e c t i o n s  b and c. They have a narrow 
range peaking nea r  8 0  degrees  and an ampli tude which i s  
I n  o r d e r  t o  have cross mode 
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Figure 4.3,1 The refractive index and Gaussian curvature 
for X = 0.25 and Y = 0.15, 
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(d) e x t r a o r d i n a r y  t o  e x t r a o r d i n a r y  
F igure  4,3.2 The mean square  va lues  of f o r  X = 0.25 and 
Y = 0.15 w i t h  [<(AX)2>/X21 = 0,01, a = 450 km, 
b = 50 km and C = 500 km f o r  a frequency of 10 Mhz. 
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about two orders of magnitude less than the self-mode term. 
<FP has a value only for the self-mode terms (see 
1 
equations 4.2,37 and 39b) in this case because I is real 
for 2 = 0, The shape of the curves are the same as the 
self-mode curves of figure 4,3.2 (sections a and d), The 
amplitudes are about four orders of magnitude less than 
< (F:) 2> 
for most of 6. They are also negatively correlated. 
1 
and therefore much less than the ctross-mode terms 
Equation 4.2,39a shows that the correlation distance 
of the amplitude is determined by6 = kscosaS - kicosaie 
This shows that 6 could be determined by measuring the verti- 
cal correlation function of the cross-mode scattered fields. 
Thus since this term could be measured experimentally, it 
could be used to obtain information about the plasma in 
which the scattering occurs. If this is used the require- 
ment that R / X  = 1 must be met or there is no appreciable 
cross-mode scattering. 
When the scattered wave is the same as the incident wave 
the solution is essentially the same as that for an isotropic 
medium. Therefore for this case transverse correlation is 
possible. Since the solution is essentially isotropic the 
transverse correlation will be the same as that determined 
by Chernov (1960) or Yeh (1962) multiplied by a factor which 
accounts for the conditions considered here. Comparincj 
equations 4.3.4 with equations 26 and 27 of Yeh and Liu (1967) 
this factor is (az,z.ai)Tnf ICi] 
factor are discussed in Chapter 111. 
The different parts of this 
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4 , 4  The Approximations f o r  t h e  S lab  C a s e  
I n  s e c t i o n  3 . 6 ,  t h e  v a r i a t i o n  of t h e  parameters  assoc ia-  
ted w i t h  a c h a r a c t e r i s t i c  wave were r e q u i r e d  t o  be smal l  as 
t h e  ray  d i r e c t i o n s  ranged over  t h e  s c a t t e r i n g  volume V. In 
t h e  s l a b  case t h e  v a r i a t i o n  over  t h e  s c a t t e r i n g  volume i s  
rep laced  by t h e  v a r i a t i o n  of t h e s e  parameters  over  t h e  f i r s t  
F r e s n e l  zone., 
The f i r s t  F resne l  zone i s  given by t h e  requirement  t h a t  
t h e  change i n  phase when going from t h e  c e n t e r  t o  t h e  edge 
of t h e  f i r s t  F resne l  zone i s  T rad ians .  Thus 
-3 -+ 
k ( $ ) r  cos a ( $ )  - k ( r o )  ro cos a ( r o )  = T 4 . 4 . 1  
The r a d i u s  of t h e  F resne l  zone rf i s  perpendicular  t o  lo and 
smal l ;  t h e r e f o r e  r can be approximated by 
r = r + s ; /2ro  4 . 4 . 2  
0 
+ 
Since t h e  v a r i a t i o n  i f  k over  t h e  f i r s t  F re sne l  zone i s  
s m a l l ,  expand k ( g )  cosa ( g )  as a T a y l o r ' s  series t o  t h e  f i r s t  
o r d e r  about  go Thus 4.4.3 
+ + + 
r=r k ( r )  cos a ( ; )  = k ( f o )  cos a (go) + ( r f T  V )  [ k ( r )  c o s a ( r ) ]  
Thus equat ion  4 . 4 . 1  can be approximated by 
4 . 4 . 4  
3 + 4 
Now cons ider  t h e  f a c t o r  ( r fe  0) [ k ( r ) c o s a  (r)Irzr,  e Both 
0 
k(,g) and cos a(:) are func t ions  of t h e  r ay  angle  P and there- 
f o r e  
( r f*  V) [k ( r l c o s a  ( r )  I = ( r f o  v P I [ k ( P ) c o s  a f P ) l  4.4.5 3 3 -+ 4 
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Using equat ion  2.7.3 
3 
[ k ( p )  cos  a ( p ) l  = - k ( r )  s i n  a(;) 4 . 4 , 6  d-p 
A A  
p i s  g iven  by t h e  equat ion  cos  p = B o e r ,  From t h i s  equat ion  
A A 
Bp = -(B,-cosp r ) / r  s i n  p 4 .4 .7  
3 - F  
Therefore  s i n c e  r f = r o  = 0 
k ( z o )  s i n  a ( g o )  A 
- Bo "gf 3 3 3  ( r f * V )  [ k ( r )  cos  a ( r ) l r = r o  3 r 0 s i n  p ( r o )  
3 3 +- 3 
Because rf i s  perpendicular  t o  ro ,  B o o r f  = s i n  p ( r , )  r f e  
Thus 
3 3 3 3 ( r fW [ k ( r )  cos  a ( r ) l r = r o  = k ( r o )  s i n  a ( r o )  r / r o 4 . 4 . 8  
Using equat ion  4-4.8,  equat ion  4 .4 .4  becomes 
k ( g o )  c o ~ [ a ( ~ ~ ) ] r ~ / 2 r ~  + k ( r o )  s i n  [ a ( r o ) l r , =  T 4 .4 .9  3 3 
where t h e  t e r m  k s i n ( a ) r f 3 / 2 r :  has  been ignored i n  comparison 
wi th  k s i n ( a )  r f *  This  equat ion  can be reduced t o  
which has  t h e  s o l u t i o n  
4 .4 .10  - t a n  +JAro /n ( ro )cosa (Zo)  -t + rt  t an2a (zo )  
'f - r o  
I f  t h e  medium i s  i s o t r o p i c  a = 0 and so rf = d w w h i c h  i s  
t h e  r a d i u s  of t h e  f i r s t  F re sne l  zone f o r  a wavelength i n  t h e  
medium of A/n. 
From s e c t i o n  3,6 equat ion  3 ,6 ,2  t h e  change i n  r ay  
d i r e c t i o n  A p  represented  by t h e  f i r s t  F re sne l  zone i s  t h e r e c  
f o r e  
tan(Ap)= t a n  a + 4 , 4 , 1 1  
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For small values of X and Y (especially Y) tan a is small 
but because of the assumption of far fizlds 
small number, and therefore the tan a term is significant. 
X/ro is also a 
For larger values of a, tan a will dominate and Ap-2a, inde- 
pendent of roe 
To illustrate the above points, the plasma considered 
in the previous section (X = 0.25, Y = 0.15, frequency = 
10 M hz) will be considered, At p=O and n/2# a=O and there- 
fore tan[Ap(O)] =/y/ron(o) , which gives the value of A p  = 
0.34O in this case. This is the minimum angular width of the 
first Fresnel zone. At p= 1~14, a = lo which gives a value 
of A p  = 2 . 1 1 O  from equation 4.4.11. This shows that there is 
almost an order of magnitude change in A p  due to the anis- 
otropy of the medium. 
Once A p  has been determined from equation 4.4.11 the rest  
of section 3.6 can be used to determine the degree of error 
introduced by using the technique described here. 
The approximation introduced here is a lot more res- 
trictive than those in Chapter 3 .  The reason for this is 
that as X and Y are increasedp the size of the first Fresnel 
zone is dominated by a the angle between the group velocity 
and phase velocity, The range of a generally increases with 
X and Y but so does the variation of the parameters, In 
other words as X and Y increasep both the angular size of 
the first Fresnel zone and the change of characteristic 
parameters per unit angle increase simultaneously which is 
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t h e  wors t  cond i t ion  t o  have occur .  This  shows t h a t  t h e r e  
should be l i m i t i n g  va lues  of X and Y except  f o r  t r a n s v e r s e  
and l o n g i t u d i n a l  propagat ion f o r  which a = 0 i f  t h e  mode 
propagates  e 
121 
CHAPTER V 
CONCLUSIONS 
5.1 Discussion 
In general there are two principle conclusions that 
can be drawn from this work, The first deals with the 
appearance in the scattered field of modes different from 
the incident mode, Two factors determine the degree of 
cross mode scattering. The first is the product of the 
differential refractive index (nscosas -nicosai) with the 
ratio of the correlation length to the free space wavelength 
R / X o e  
than a wavelength (Ratcliffe, 1956, section 2.4), R / X o  will 
be equal to or greater than one. In general the differential 
refractive index will be significant since if it is 
small,asmM~a. will be very small and there will be no 
cross mode scattering. Therefore cross mode scattering is 
caused by irregularities whose correlation length is of the 
i order of a wavelength. 
there is one way in which any irregularity can cause cross 
mode scattering. As the wave approaches the reflection 
Since a wave cannot reveal structures much:smaller 
-+ = +  
1 
If nScosaS is greater than nicosa 
point of the s mode ns will go to zero. 
point the differential refractive index will be zero and this 
factor will be a maximum for any R / A o *  
aE:M#'aie 
the degree to which differs from a circular polarization. 
Therefore near this 
The other factor is 
+ = 3  
This factor is real and its magnitude depends upon 
Therefore this factor is small unless the medium is signif- 
icantly anisotropic. For an isotropik medium aseMaa is zero, 3 E 3  i 
1 2 2  
The other conclusion that can be drawn is that due to 
the factor ~ ~ e ~ ~ ~ i  the variations due to different geometries 
can be quite significant. The degree of variation depends 
upon the degree of anisotropy, especially when determined by 
the parameter Y e  The variation is generally much less for 
the self mode terms than for the cross mode terms, 
From the standpoint of the restrictiveness of the 
approximations required, the bistatic geometry is more 
versatile than the radio star geometry. This is true because 
the scattering volume is controlled by the experiment in the 
bistatic case while the effective scattering volume is con- 
trolled by the background medium in the radio star case. 
Also in the radio star problem the effective scattering 
volume as well as the rate of change of the parameters in- 
creases as the medium becomes highly anisotropic. This is 
a very restrictive situation to have occur. 
5,2 Future Work 
Some areas for future work have already been suggested 
but they will be repeated here. A better asymptotic Green's 
function should be developed to account for vanishing 
Gaussian curvature at points of inflection. This would be 
very useful because the beams which result from points of 
inflection decrease slower with distance than regular fields 
do. An attempt could be made to use a warm plasma theory to 
get better results near asymptotes. Because of the flat 
nature of the refractive index in these regions beams will 
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be generated and therefore this extension would be useful, 
The solution might be formulated in terms of linearly 
polarized waves to obtain some more infozmation about 
Faraday rotation, An attempt might also be made to apply 
some of the techniques of multiple scattering. Finally the 
phase approximation might be improved by using a Taylor's 
series expansion of the wave number. The results of this 
look very complicated and so this may not be a useful exten- 
sion. 
1 2 4  
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APPENDIX A1 
THE CHARACTERISTIC FIELD IN A GENERAL COORDINATE SYSTEM 
+ The basic expressions for a are given in Chapter 111 
section 6 and they are repeated here. In- the- coordinate 
system shown in Figure A9.1 
-b Figure Al.l Special coordinate system for a. 
+ a is given by 
Al.1 
where R and Q are given by equations 2.6,4b and 2.6.4~. This 
vector is to be transformed into a coordinate system 
shown in Figure A1.2. 
-f 
Figure A1,2 General coordinate system for a. 
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T h i s  i s  j u s t  a r o t a t i o n  about t h e - x " - a x i s  through an 
ang le  8 and then  a r o t a t i o n -  about- t h e -  z -ax is  through an 
angle  y + 90 .  The form of t h e  f i rs t  r o t a t i o n  can be 
determined f r o m  F igu re  A1.3.  
F igu re  AP;3 The r o t a t i o n  about  x. 
It  i s  
A1.2 
L Q  s i n  8 cos 8 1 
The form of t h e  r o t a t i o n  about t h e  new z a x i s  can be 
determined from F igure  A1.4.  I t  i s  
x# 
Figure  A1.4 The r o t a t i o n  about  z ,  
Y I 
1 2 9  
-+ 
r =  
‘F 
- s i n  y -cos y 0 
cos y - s in  y 0 
0 0 1 
Therefore from equat ions 21-1-*2 and A l - . 3  t h e - t o t a l  r o t a t i o n  
can be w r i t t e n  as 
3 
cos y -cos 8 s i n . y  s i n  8 s i n  y 
- s i n  y -cos 8 c0s .y  s i n  8 cos y 
0 s i n  0 cos e 
Thus t h e  c h a r a c t e r i s t i c  f i e l d  i n  t h e  coordinate  of 
Figure A1 2 becomes 
- s i n  y -cos 8 cos y s i n  8 cos y R 
1 
cos y -cos e sili y s i n  e s i n  1 0 [ 1 -+ a =  
1/2 [1+1 R ]  2 l  
0 s i n  8 COS e RQ 
R ( Q  s i n  8 cos y - s i n  y )  - cos 8 cos y 
R(Q s i n  8 s i n  y + cos y )  - cos 8 s i n  y 
1 
- 
[l+IRI 2] 
RQ cos 8 + s i n  8 
A184 
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A P P E N D I X  A2 
POLAR PLOTS OF Gi FOR A PLASMA WITH X = 0,2 AND Y = 0 . 4  
S 
Figures  A 2 . 1  - A 2 . 4  are p o l a r  p l o t s  of t h e  geometr ic  
i f a c t o r  Gs f o r  a plasma w i t h  X = 0 . 2  and Y = 0 . 4 .  
geometr ic  f a c t o r  i s  p l o t t e d  as a f u n c t i o n  of @ s  t h e  ang le  
t h e  s c a t t e r e d  r a y  makes w i t h  t h e  magnet ic  f i e l d  i n  t h e  
p l ane  de f ined  by t h e  magnet ic  f i e l d  and t h e  i n c i d e n t  r ay .  
The 
< 180'. The t w o  s e l f  mode terms aye p l o t t e d  f o r  0' - < $ s  - 
The t w o  cross mode t e r m s  are p l o t t e d  f o r  180' < O s  _I < 360' 
and are t e n  t i m e s  l a r g e r  t han  they  a c t u a l l y  are. I n  
F igure  A 2 . 1  t h e  i n c i d e n t  r a y  i s  along t h e  magnetic f i e l d .  
I n  F igu re  A 2 . 2  t h e  i n c i d e n t  r a y  makes an angle  of 30' w i t h  
t h e  magnet ic  f i e l d .  I n  F igu re  A 2 . 3  t h e  i n c i d e n t  r a y  i s  
i n c l i n e d  t o  $ 0  wi th  an angle  o f  60'. 
i n c i d e n t  r a y  and t h e  magnetic f i e l d  are pe rpend icu la r .  
I n  F igure  A 2 . 4  t h e  
90 270' 
Figure  A2,1 The geometric factor versus t h e  s c a t t e r e d  r a y  
ang le  for an i n c i d e n t  ray angle of 0: 
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0 
C 
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270' 
Figure 242.4 The geometric factor versus the scattered ray 
angle fo r  an incident ray angle of 9 0 ° .  
goo 
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APPENDIX A3 
THE TRANSFORMATION OF T -T and T +T 
INTO RELATIVE AND CENTER OF MASS COORDINATES 
1 2  1 2  
The relative coordinates are defined by 
The center of mass coordinates are 
2a'  = X'+XI 28' = y;+y: 2y' = Z ' + Z '  
L A  L L  
3 In these coordinates r' is given 
1 
x' = a'-x'/2 y; = B'-y'/2 
1 
and g' by 
2 
x' = a'+x 
2 
/2 y ;  = f3'+y'/2 
Now 
T -T = (P1/2<l)(~i2+y'2) 1 +
1 2  
z 1  
1 
2' 
2 
Q -  
1 
2 1  
by 
= y'-z'/2 
= y ' + z  
A3.1 
A3.2 
A3.3 
A3.4 
(P2/2G2) (x*2+yi2) - Q 
2A3.5 2 
Consider the terms 
X' 
x'a' + - ) ZP I + <  lP 2 5 P - 5 P  ( a t 2  - 2 1  1 2  7 
25152 2'1 -31 '2 4 
Complete the square on a !  and collect terms. 
P P  
X' 1 2  
5 p - 5 p  
25 5 2(3 p -5 p ) x 
(P / 2 5  )XI2-(P / a 5  )XI2 = 
2 1  1 2  
1 1 1  2 2 2  
1 2  
A3.6 
Let q- = Pp1+' 1'2 
I then - 52p1+51p2 I x' where E = - 
5 P - 5 P  2 5 P - < P  2 X 
2 1  1 2  2 1 1 2  
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equa t ion  A3.5 can be reduced t o  
D D  
A3,7 
Now cons ide r  T +T 
1 2  
T ST = (P /2< )(x'~+Y'~) + Q +(P /2C )(x'~+Y'~) + Q A3.8 
1 2  1 1 1 1 1 2 2 2 2 2 
This  is j u s t  equat ion  A3.5 w i t h  P rep laced  by -P and Q , 
r ep laced  by -Q Therefore  from equat ion  A3.7 
2 2 2 
2 
P P  -~ 
1 2  
(X! 2+y'2) + Q +Q2 2(r P + C  P 1 1 + 
2 1  1 2  
X S  C2P1-C1P2 Y' 
where E; = gP 1 - <  l P  2 - and E+ = 
C2Pl+C P 2 Y 
- 
2 
PP l+l; l P  2 1 2  
Now cons ide r  t h e  term (see equa t ion  4.2.11) 
= 6 (z-z'+Z-z+z"Z) 
= 6(2'+2Z) 
Ql-Q2 1 2 
also 
= S(z-zS+Z+z-z"Z) 
=26 (2-y ) 
Q1+Q2 1 2 
A3.9 
A3,10 
A3 e 11 
Consider t h e  t e r m  (see equa t ions  4,2,17 and 4,2,19) 
2 '  ( 2 - 2 s )  2 '  z g  ( 2 - z f )  Z g  
2 2 1 1 1 2 
5 P - <  P = -------i(kicoSa.+S-)- (k.  COS^. +S-) 1 1 2  
a, l z  z 2 1  1 2  
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kicosai 6 2 ' 2 '  
- ( Z Z ~ - Z " 2 2 " 2 ~  2, + 1 2  ( 2 - 2 ' - 2 + 2  ) 
2 2  1 1  2 1 
a lso  
2 '  ( 2 - 2 ' )  2 '  z !  ( 2 - 2 ' )  2 '  
(kicosa. +62) 1 1 z 1 2  < P + < P =  2 (kicosa, 1+6-l) + 
2 2 2 1  1 2  
kicosai ~ 2 ' 2 '  
- ( 2 2  - 2  ' $ 2 2  ' - 2  ;) + ( 2 - 2 ' + 2 - 2 ' )  
2 2  1 2 1 
z Z2 
y' 2+2'  2/4 2-y ' 2 '  
cosa +26- (y' 2--jA3.13 
Z2 4 i 
=2k.y'co~a - 2ki 
Finally 
z 1 i 
A3 e 14 
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APPENDIX A4 
LOCATION O F  THE POLE OF THE INTEGRAND O F  EQUATION 4.2.33a 
where 
The po le  of t h e  in tegrand  i s  a t  
6 = jg(q2/p + 6 ) / 2  
P 
A 4 . 1  
q = kicosai + 6y'//z 
The pa th  of i n t e g r a t i o n  i s  along t h e  l i n e  
Therefore A = q2/p + 6 w i l l  be compared t o  6 t o  see i f  i t  
l i es  between 6 and the  o r i g i n .  I f  it does n o t  t h e  new pa th  
of i n t e g r a t i o n  can be used. 
F i r s t  expand A t o  g e t  i t s  dependence on t h e  d i f f e r e n t  
(kicosai + 6 y ' / z )  parameters. 
kgcos2ai + 6kicosai 
- 
kiCOSai (1-2y / z )  -6  ( ~ Y Z )  
kikscosai cosa s 
A =  &-E) 2 / & 2 - K  kicosai 
6 can be w r i t t e n  a s  
A 4 . 2  
A 4 , 3  
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Now if 6 i s  p o s i t i v e  and A i s  g r e a t e r  than 6 o r  less 
than zero  t h e  change of p a t h  i s  poss ib l e .  From equat ion  
A 4 . 2 ,  A i s  less than  zero  i f  
K > (1-€)2/&2 
S i n c e  6 i s  p o s i t i v e  ~ > 1 ,  t h e r e f o r e  i f  ~ > . 5  t h e  above in -  
e q u a l i t y  i s  always s a t i s f i e d .  S ince  q 2  i s  always p o s i t i v e ,  
A w i l l  be g r e a t e r  than 6 i f  p i s  p o s i t i v e .  p i s  e s s e n t i a l l y  
t h e  denominator of equat ion  A4 .2  and i s  p o s i t i v e  i f  
IC< (1-&) 2 / & 2  
Therefore  i f  8 is  p o s i t i v e  t h e  change of p a t h  i s  always 
p o s s i b l e ,  s i n c e  f o r  6 p o s i t i v e  
IC< (1-&)2/&2 A> 6 A 4 . 4 a  
K >  (1-&)2/&2 n<o A4.4b 
For 6 nega t ive ,  A must be less than  6 o r  g r e a t e r  than  
zero. A i s  g r e a t e r  than zero  i f  
K <  (1-8) 2 / & 2  
A i s  less than 6 i f  p i s  negat ive .  p i s  nega t ive  i f  
IC> (l-&)2/&2 
Therefore  i f  6 i s  negat ive  t h e  change of pa th  i s  always 
p o s s i b l e  aga in ,  s i n c e  f o r  6 nega t ive  
K <  ( 1 - E ) * / E 2  A > O  A4 . 5a 
K >  (1-&)2/&2 A<6 A4.5b 
The above d i s c u s s i o n  shows t h a t  A never  l i e s  between 
6 and t h e  o r i g i n  and t h e r e f o r e  t h e  p a t h  of i n t e g r a t i o n  can 
always be deformed as des i r ed .  
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A P P E N D I X  A 5 
COMPUTER PROGRAMS 
Some of t h e  computer programs used i n  developing t h i s  
r e p o r t  are p resen ted  here .  
The f i r s t  program, t i t l e d  R e f r a c t i v e  Index Parameters 
0-90,  computes t he  va lue  o f  p ,  t h e  r e f r a c t i v e  index n and t h e  
Gaussian c u r v a t u r e  C a t  a g iven  va lue  of 0 f o r  bo th  modes, 
The i n p u t  c a r d ( s )  c o n t a i n s  X ,  Y ,  f requency ( o p t i o n a l )  and 
t h e  increment  i n  6 .  The o u t p u t  c a r d s  c o n t a i n  0 ,  p ,  n ,  and C 
f i r s t  f o r  t h e  o rd ina ry  mode then  f o r  t h e  e x t r a o r d i n a r y  mode. 
p always has  a v a l u e  f r o m  O o  t o  90' and 0 i s  a d j u s t e d  accord- 
i n g l y .  These ca rds  a r e  then  used t o  do t h e  a c t u a l  computa- 
t i o n  work e 
The n e x t  program TALOK i s  a s u b r o u t i n e  which u s e s  t h e  
va lues  from t h e  previous  program. For a g iven  va lue  of p it 
scans  t h e  t a b l e  genera ted  p rev ious ly  t o  determine t h e  va lues  
of  0 ,  n,  and C which correspond t o  it. RHOD i s  t h e  i n p u t  
va lue  o f  p .  THATAp N and C are t h e  o u t p u t  va lues  of 8, n ,  
and C, They are i n  a 2 x 3 a r r a y ,  The f irst  index r e f e r s  
t o  t h e  mode (1 = o r d i n a r y ,  2 = e x t r a o r d i n a r y ) ,  t h e  second t o  
t h e  s t a t i o n a r y  p o i n t s  fo r  t h a t  mode, K S  g i v e s  t h e  number of 
va lues  f o r  each mode. I n  t h i s  program p can have any va lue .  
The l a s t  program CARF'LD i s  a subrou t ine  t o  compute t h e  
c h a r a c t e r i s t i c  f i e l d s ,  I t  uses  t h e  r e s u l t s  of t h e  prev ious  
sub rou t ine .  The i n p u t  va lues  are X ,  Y, e-, yI t h e  azimuthal  
141 
-t angle  between t h e  r a y  vec to r  and Bo# 
ou tpu t  i s  A t h e  c h a r a c t e r i s t i c  v e c t o r s  and B t h e  magnitude 
of A,  A i s  a 2 x 3 x 3 matrix.  The f i rs t  index i s  f o r  t h e  
mode, t h e  second i s  fo r  t h e  s t a t i o n a r y  p o i n t  and t h e  t h i r d  
i s  t h e  components of t h e  v e c t o r  i n  t h e  coord ina te  system of 
f i g u r e  Ale 2.  
n 9  and KS above. T h e  
142 
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1 
90 
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105 
2 
99 
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52 
5 3  
2 2  
1 2  
10 
1 3  
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16 
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6 
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S U B R O U T I N E  T A L O K ( R H O D I T H A T A ~ N , C I K S )  1 4 4  
I M P L I C I T  R E A L ( N )  
C O M M O N / I N / T H A ~ 2 ~ 1 R l ~ ~ R H ~ 2 ~ l 8 l ~ ~ R I ~ 2 , 1 8 1 ~ ~ C V ~ Z ~ l 8 l ~ ~ M ~ l  
OIMEI\ ISIOI\ I  T H A T A ( Z s 3 )  p N ( ~ ~ ~ ) I C ( Z ~ ~ ) , O ( Z ) ~ K S ( ~ ) ~ K K ( Z )  
H F P I = 1 , 5 7 0 7 9 6  
I F  ( R H O D - H F P I )  5 1 ~ 5 1 9 5 2  
M K = 1  
RUEL=O ,O 
GO T O  5 3  
MR=-1 
R D E L = 2  e O*HFP I 
R H [ I =  R 0 E L +I* R* R HUD 
I F  (RHO,LT,O.O) KHU=-KHO 
K S (  I ) = O  
I s=o 
K = l  
I F  ( R H (  I I K )  1 1 0 1 1 l r l l  
I F ( K -Mr / l )13  9 1 4 9  1 3  
or) 4 1= i ,2  
K = K + l  
GO TO 12 
K K ( I ) = - 1  
GU TO 4 
I F  ( R H O - R H ( I , K ) )  1,293 
O ( I  )=-1.O 
K K (  I ) = K + 1  
GO TO 4 
O (  I )=1.0 
K K (  I ) = K + 1  
GO T O  4 
K S (  I )=1 
I S = 1  
O (  I )=-1.O 
K K (  I ) = K + 1  
T H A T A ( I I I S ) = T H A ( I I K )  
T H A T A ( I 9 1 S ) = R D E L + P l R * T H A T A ( I I I S )  
I F  ( T H A T A ( I , I S ) * L T e O . O )  T H A T A ( I I I S ) = ~ . O * H F P I + T H A T A ( I I I S )  
N ( I ~ I S ) = R I ( I I K )  
C ( I , I S ) = C V ( I , K )  
DO 99 I = l r 2  
C ONT I NUE 
K 2 = K K  ( I) 
I F ( K 2 )  99,99716 
D O  8 J=K29MM 
I F  ( R H ( 1 , J ) )  8 , 1 5 9 1 5  
A = R H O - R H ( I I J )  
I F  ( A * O ( I ) )  59698 
I S =  I S + 1  
K S ( I ) = K S ( I ) + l  
O (  I )=-O( I) 
T H A T A ( I p I S ) = T H A ( I , J )  
N ( I I I S ) = R I ( I I J )  
C ( I , I S ) = C V ( I p J )  
GO TO 7 
I S =  I s + l  
K S ( I ) = K S ( I ) + l  
O (  I )=-O( I) 
F A C = ( R H O - R H ( I V J - l )  ) / ( R H ( I 9 J ) - K H ( I I J - l ) )  
FAC 1 = 1 0-F AC 
T H A T A ( I ~ I S ) = F A C l * T H A ( ? ~ J - l ) + F A C * T H A ( I ~ J )  
N ( I V I S ) = F A C l * R I (  I , J - l ) + F A C * R I ( I , J b  
C(19IS)=FACl*CV(I,J-l)+FAC*CV(IIJ) 
T H A T A ( I q I S ) = R D E L + M R * T H A T A ( I p I S )  
I F  ( T H A T A ( I I I S ) ~ L T ~ O ~ O )  T H A T A ( I p I S ) = 4 e O * H F P I + T H A T A ( I , I S )  
I F  ( I S - 3 )  8 ~ 9 9 9 9 9  
I S = K S (  I )  
C O N T I N U E  
C O N T I N U E  
RETURN 
END 
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